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PREFACE 
Fixed point theory has been an interesting research area for 
long. It is highly developed and still flourishing under several new 
domains, e.g. Functional Analysis, Operator Theory, Game Theory, 
Differential Equations, Economics etc within as well as outside of 
mathematics. 
Indeed , the first result in Metric fixed point theory was given 
by S. Banach in 1922 ( a Polish mathematician). His theorem is 
popularly known as 'Banach Contraction Principle' which has 
attracted the attention of Mathematicians for more than three 
decades. Many generalizations of this contraction principle were 
given by several researchers and still it is inviting the attention of 
enthusiastic youngsters. 
One of the most significant generalization of Banach contrac-
tion principle is due to Jungck [1976, 53] which has further 
activated the advancement in this direction. Our work in this thesis 
very much revolves around this theorem. 
This thesis consists of seven chapters. Each chapter is divided 
into sections. The notation for denoting chapters, sections, results, 
equations / relations is in the form l.m.n.r, where T stands for chap-
ter, 'm' for section 'n' for results and 'r' for relations etc. 
Chapter 1 is devoted to the preliminaries delineatog which 
includes definitions, lemmas and all other requisite infonnation required 
in course of further discussion in the subsequent chapters. 
(1) 
Chapter 2 is concerned with the studies of some general 
common fixed point theorems for non - continuous, non - commut-
mg mappings satisfymg certain general contraction conditions which 
unify, nnprove and generalize several earlier fixed pomt theorems due 
to Lai et al. [74], hudad and Khan [48], Khan [66], Khan and Imdad 
[68,69], Husain and Sehgal [45,46], Smgh and Meade [120] and many 
others. As an apphcation of our main theorem (i.e. Theorem 2.2.2), 
we prove a fixed point theorem for four finite families of mappings 
which gives several fixed point theorems for iterates of mappings. 
This result can also be viewed as a significant generahzation of theo-
rem of Bryant [16]. In Section 2.4, we furnish an illustrative exam-
ple which demonstrate the validity of the hypotheses and degree of 
generality of our main result (i.e. Theorem 2.2.2) over earlier ones 
especially those contained in [45,48,68,70,74,121]. 
In Chapter 3, we study some fixed point theorems satisfying 
implicit relations. Section 3.2 is preparatory in nature where we 
discuss implicit relafions and their examples while in Section 3.3, 
fixed point theorems satisfying implicit relations are established. Our 
main result (i.e. Theorem 3.3.2) is a generalized and improved 
version of the theorem of Popa [99] whose genuineness is demon-
strated by means of two examples constructed in the next secfion. We 
have concluded this chapter by proving a fixed point theorem in com-
pact metric spaces which refines Theorem 3.5.1 (due to Popa [100]) 
as commutativity requirement of one of the pair is minimized to point 
of coincidence. In Process, results due to Fisher, Telci and Tas [31], 
(11) 
Telci,Tas, Fisher [127], Jungck [54] and others can be obtained as 
corollaries from our main theorem (i.e. Theorem 3.5.2). 
In Chapter 4, we introduce the concept of nearly nonexpansive 
mappings and apply it in proving our results. In first two sections of 
this chapter we equip ourselves with some technical preliminaries 
needed to prove our results. In Section 4.3, we prove weak 
convergence and dual convergence theorems for nearly 
nonexpansive mappings in Banach spaces having different geomet-
ric structures whereas Section 4.4 gives necessary and sufficient 
conditions for strong convergence of Mann and Ishikawa iterative 
sequences to fixed points of nearly nonexpansive mappings. In 
process, relevant results due to Ghosh and Debnath [35], Petryshyn 
and Wilhamson [97], and Qihou [102] are improved and general-
ized. We conclude this chapter by discussing a Rhoades type fixed 
point theorem which refines Theorem 4.5.1 due to Rhoades [105], 
Pal and Maiti [83], Imdad and Khan [71] and Ghosh [34]. 
Chapter 5 is devoted to Boyd and Wong type theorems for 
non-self mappmgs wherein we prove fixed point theorems for two 
pairs of non-self mappings in slightly different settings than those 
considered by Assad [5], Khan [67], Rhoades [106,109] and Som 
and Mukherjee [123]. While doing so, we adopt the definitions of 
R- weak commutativity and coincidentally commuting property to 
non-self setting and exploited the same for proving our results 
besides relaxing the continuity requirement completely. In 
Section 5.2, we prove fixed point theorems in complete metrically 
(m) 
convex spaces employing the Boyd and Wong type contraction 
condition which partially generalize and corollarize variants of sev-
eral earlier known results due to Assad [5], Khan [67] and Rhoades 
[106,109]. The last section furnishes two examples to estabhsh the 
utility of our results over cited ones. 
Chapter 6, deals with Rhoades [106] type fixed point theorems 
for non-self mappings involving metric convex property. In Section 
6.2, we prove a fixed point theorem for a pair of non-self coinci-
dentally commuting mappings which generalizes the fixed point 
theorem due to Rhoades [106] (i.e. Theorem 6.2.1), besides prov-
ing the same result for 'R - weakly commuting mappings'. As an 
application of our main theorem (i.e. Theorem 6.2.2), we prove a 
common fixed point theorem for generalized nonexpansive map-
pings in Banach spaces. The last section of this chapter furnishes 
two examples to demonstrate the validity of hypotheses and degree 
of generality of our results over earlier results due to Rhoades [106] 
and Assad [5] and Hadzic [40]. 
Chapter 7 is devoted to prove some fixed point theorems for 
two hybrid pairs of coincidentally commuting and coincidentally 
idempotent pairs of non - self mappings satisfying a general contrac-
tion condition in complete metrically convex metric spaces. We 
presents a substantially improved version of the results due to Alimad 
and hndad [1,2], Klian [3], Itoh [51] and others. Wliile doing so, we 
adopt the definition of coincidentally commuting property and R - weak 
commutativity to hybrid setting (see Definitions 1.6.1 and 1.6.4) which 
(IV) 
enable us to minimize the commiitativity requirement besides im-
provement in contraction conditions. One may note that by restrict-
ing the involved maps suitably, one may derive the modified and 
improved version of results contained in AJimad and Khan [3]. In 
Section 7.3, a hybrid fixed point theorem in compact metrically 
convex metric spaces is established which generalizesa fixed point 
theorem of Khan [67]. In the last section of this chapter, we furnish 
an example to demonstrate the validity of the hypotheses of 
Theorem 7.2.3. 
:k:k:k:kJt 
(V) 
LIST OF ACCEPTED / COMMUNICATED PAPERS 
1. On nonlinear non-self hybrid contractions, Radovi Matematicki., Vol. 10(2)(2001), 
233 -244. 
2. Remarks on some fixed point theorems satisfying implicit relations, Radovi Matematicki, 
Vol, 11(1)(2002) (accepted). 
3. Rhoades type fixed point theorems for a pair of non-self mappings. Jour. Computers 
Math. Appl., (accepted). 
4. Common fixed point theorems for four non-self mappings, J. Indian Math. Society, 
Vol. 69 (2002) (accepted). 
5. A general common fixed point theorem without continuity, Indian J. Math., (accepted). 
6. Boyd and Wong type fixed point theorems for two pairs of non-self mappings, (submitted). 
7. Fixed point iteration process for nonlipschitzian nearly nonexpansive mappings, 
(submitted). 
8. Remarks on certain selected fixed point theorems-II, (submitted). 
9. Fixed point theorems for nonexpansive type mappings,(submitted). 
CHAPTER -1 
PRELIMINARIES 
CHAPTER! 
PRELIMINARIES 
I.l INTRODUCTION 
Fixed point theory is a rich, interesting and highly apphed branch 
of mathematics. It is fully developed but still continues to be an active 
area of research. As a research area it is very wide open which is 
evident from the fact that study of fixed point theorems is being pursued 
within several mathematical domains such as : Classical Analysis, 
Functional Analysis, Topology, Operator Theory and Algebraic 
Topology. Fixed point theorems have numerous applications within 
and outside mathematics. Most of the theorems ensuring the existence 
of solutions for differential. Integral operators or other equations can be 
reduced to fixed point theorems. They are also used in new areas of 
Mathematical Economics, Game Theory, Fluid flow etc. 
The fixed point theory can be described as the study of functional 
equation F(x) = x in a metric or non-metric setting. Perhaps the earliest 
fixed point theorem is that of L. E. J. Brouwer [14,1912] who proved 
that a continuous mapping F of the closed unit ball in R" has at least 
one fixed point i.e. a point x such that Fx = x. Several proofs of this 
classical result can be found in the existing literature. Out of which the 
proofs due to Hirsch [43], Milnor [78] and Rogers [110] are quite recent. 
In 1930, Schauder extended Brouwer's fixed point theorem to 
infinite dimensional spaces by proving that a continuous mapping of a 
compact convex subset of a Banach space has at least one fixed point. 
Soon this result was further miproved by provnig that a compact map 
of a closed bounded convex subset of a Banach space has at least one 
fixed point. In 1935, Tychonoff [128] extended Brouwer's result to 
compact convex linear topological spaces. For the sake of brevity, it is 
not possible to state all the significant fixed point theorems which are 
presently the source of activity to the researchers of this area. To mention 
a few we opt to enlist the following fixed point theorems. 
(a,) Brouwer theorem ([14, 1912]), 
(bj) Banach contraction principle ( [7, 1922]), 
(C|) Schauder fixed point theorem ( [114, 1930]), 
(d|) The Leray - Schauder theorem ( [75, 1934]), 
(e,) The Tychnoff theorem ( [128, 1935]), 
(f,) The Markov - Kakutani theorem ([77,60, 1936]), 
(g,) The Browder - Goehde - Kirk theorem ([12,38,72, 1965]), 
(h,) Sadovoskii theorem ( [112, 1967]), 
(i,) Caristi's theorem ( [17, 1976]). 
The investigations in this thesis are inspired by (bj) (i.e. Banach 
contraction principle) and (gj) (i.e. Browder - Goehde - Kirk theorem), 
therefore these two theorems will be discussed in more details later on. 
For a comprehensive study of fixed point theory the books by 
Aksoy and Khamsi [4], Dugundji and Granaj [28], Goebel and Kirk 
[37], Istratescu [50], Rus [111], S. P. Singh, B. Watson and P. Srivastava 
[119] and Smart [122] are of special recommendation. 
As usual this chapter is elementary in nature where we collect the 
preliminary concepts and those basic results which are utmost required 
in course of onward discussion. This chapter is mainly anned at making 
the thesis as self contained as possible. 
1.2 FIXED POINT PROPERTY 
Let X be a topological space. The space X is said to have the 
Tixed point property' (abbreviated as f p. p) if for every continuous 
function f : X ^- X, there exists x^  e X such that f(xj = x .^ 
One can easily verify that the fixed point property is topological 
one. That is if a topological space X has it, then so does any topological 
space Y homeomorphic to X. To verify this let g : X -^ Y be any 
homeomorphism and let f : Y -> Y be any continuous mapping. 
Consider the mapping h : g"'fg on set X into itself. Then clearly the 
map h is continuous being the composition of continuous maps g"', f 
and g. Therefore it has a fixed point x^  in X. Let us denote the image of 
this point Xp under the homeomorphism g by y^  i.e. y^  = gCx^ ). We have 
K\) = g"'fg(Xo) = x„. 
Applying g on both the sides gives 
gg"'(fg(Xo)) = g(Xo) 
or fg(xj - g(x^) 
which shows that g{x^) = y^  is a fixed point of f. 
The utility of the statement just established is not immense. In all 
cases one needs to verify the f.p.p of one representative of an entire 
class of homeomorphic set. For example if this property is true for a 
disc, then it will be naturally true for a square, triangle or any convex 
plane polygon whatsoever. 
1.3 COMMON FIXED POINTS 
In 1954 Dyre raised the following question : If f and g map the unit 
interval continuously into itself and commute under functional 
composition, must they have a common fixed point ? A negative answer 
is given by the construction through a limit process of a pair of functions 
which commute, but have no common fixed points. The functions were 
discovered as the result of a computer - aided search based in part on 
necessary conditions derived by Baxter [8]. 
In 1969, J. P. Huneke [44] gave two counter examples to this 
conjecture on commuting continuous functions of the closed unit interval. 
The conjecture is as follows : 
Two continuous functions from the closed unit interval to the 
closed unit interval which commute (under composition) must have 
a unique common fixed point. 
One counter example can be defined as the limits of unifonnaly 
convergent sequences of piecewise linear functions (fyneN), (gyneN) 
which have the property f o g^^^j = g_^  o f j^ (for n e N). 
The second counter example can be defined more explicitly as 
follows: For each real function k, k*(x) = 1 - k(l-x). Pick b e (0,1/2); 
let s = (3 - 2b + (6 - 4b)'^^)/(l - 2b); define three homeomorphisms of 
the reals, hj(x) = sx - sb + b, h2(x) = 2 - hj(x), h3(x) = -h2(x); and let 
x^  =\-\i), X, = iv^o), X3 = h3-'(i-b), x, = h;-\\), X3 = h;-'(h,-'(0)), 
Xg = hj*"'(0), and c = the fixed point of h^ *. Then defining the relations 
for continuous functions f, g can be stated : g(x) = b for x e [0,b], 
g(x) = hj(x) for X e [b,xj, g(x) = h/x) for x G [X,, XJ , g(x) = h3(x) for 
X e [x^,x^], g(x) = h;-'[g(h3*(x)] for x e [x3,xj, g(x) = h*-'[g{h^\x))] 
for X e [x^, X3], g(x) = h/-'[g(h2*(x))] for x e [x^, x j , 
g(x) = h/-'[g(h,*(x))] for X e [x^ , 1-b], g(x) = c for x e []-b, 1] and f- g*. 
The functions f, g of this second counter example are both differentiable 
on a dense open subset of [0,1] and satisfy the Lipschitz condition : 
|f(x) - f(y)| < s|x - y| and |g(x) - g(y)| < s|x - y|, for all x,y in [0,1]. 
1.4 BANACH CONTRACTION PRINCIPLE 
The most well known fundamental result of fixed point theory was 
given by S. Banach in 1922. This result is popularly known as Banach 
contraction prmciple and it is very useful in the existence and uniqueness 
theories. Out of all classical fixed point theorems the contraction 
principle has many applications which are scattered throughout almost 
all branches of mathematics. 
A self- mapping T of a metric space (X,d) is said to be a contraction 
if d(Tx, Ty) < a d(x,y) for all x,y in X and 0 < a < 1. It is clear that a 
contraction mapping is continuous but converse need not be true. 
Every contraction map of a complete metric space has a 
unique fixed point. 
There exists an extensive literature on the generalization of the 
Banach contraction principle. In this regard the survey articles of 
Rhoades [104,107] deserves special mention. 
One of the most significant generalization of Banach contraction 
principle is due to Jungck [53] which is motivated by the fact that the 
fixed point of a map can always be regarded as common fixed point of 
that map and the identity map defined on the same domain, 
Jungck [53 ,1976] proposed the generalization of Banach contraction 
principle which is popularly referred to as Jungck's theorem. While 
proving his result Jungck [53] replaced the identity map with any 
continuous map which has inspired many results in recent years including 
the results in this thesis as well. 
Let f be a continuous mapping of a complete metric space (X,d) 
into itself. Then f has a fixed point in X iff there exists a e (0,1) and 
a mapping g : X -^ X which commutes with f and satisfies 
g(X) c f(X) and d(g(x), g(y)) < a d(f(x) , f(y)) for all x,y e X. 
This theorem has been generalized by many researchers in various ways 
and by now there exists extensive literature around this theorem. To 
mention a few, one may cite [54,55,56,57,59]. 
Finally, we conclude this section by enlisting those contraction 
conditions which are relevant to our exposition in subsequent chapters. 
(I) Kannan [63] 
d(Tx,Ty) < a[d(x,Tx) + d(y,Ty)] if a < 1/2. 
(II) Boyd and Wong [10] 
d(Fx,Gy) < g{d(Tx,Sy)}, 
where g : R ^- R, g(t) < t for t > 0, together with a 
semicontinuity condition of g. 
(III) Hardy and Rogers [42] 
d(Tx,Ty) < a[d(x,Tx) + d(y,Ty)] + b[d(y,Tx) + d(x,Ty)] + c d(x,y) 
for all x,y 6 X, a, b, c > 0, 2a + 2b + c < 1. 
(IV) Jungck [53] 
d(Ax,Ay) < a d(Ix,Iy), where a e [0,1). 
(V) La] et. al. [74] 
[1+ p d(Fx,Gy)]d(Ax,By) < P raax{d(Fx,Ax).d(Gy,By), 
d(Fx,By)d(Gy,Ax)} + a){d(Fx,Gy),d(Fx,Ax), 
d(Gy,By),d(Fx,By),d(Gy,Ax)}, 
where p > 0, (j) e v|;. 
1.5 WEAK CONDITIONS OF COMMUTATIVITY 
The idea of improving commutativity condition in metrical fixed 
point theorems was coined by S. Sessa [116 , 1982], when he introduced 
the notion of'weak commutativity mappmgs' which runs as follows: 
DEFINITION 1.5,1 [116]. Let S and T be mappings of a metric space 
(X,d) into itself. Then (S, T) is said to be weakly commuting pair if 
d(STx, TSx) < d(Tx, Sx), for all x m X. 
Every commuting pair is weakly commuting but converse is not generally 
true as shown by the following example (Sessa [116]). 
EXAMPLE 1.5.2 [116]. Consider the set X = [0,1] with the usual metnc. 
Let us define self-mappings S and T on X by Sx = x/2 and Tx = x/(x+2) 
for every x e X. Then for all x in X, one gets 
d(STx,TSx) 
< 
which shows that S and T are weakly commuting but for any x e X, we 
T(Sx)) = x/(4+x) > x/(4+2x) = S(T(x)). Hence ST ^ TS. Thus S and T 
are not commuting mappings. 
Jungck [54] soon enriched the class of weakly commuting mappings 
X 
(4+2x) 
x^  
(4+2x) 
X 
(4+x) 
X X 
2 2+x 
x^  
(4+x)(4+2x) 
= d(Sx,Tx) 
by defining 'compatible mappings' which asserts as under : 
DEFINITION 1.5.3 [54]. A pair of self-mapping (S,T) of a metric 
space (X,d) is said to be compatible if for every sequence {xj in X 
and from the relation 
lim d(STx ,TSx ) = 0, whenever 
n—>oo V n ' IV ' 
lim Tx = lim Sx = t e X. -
After the definition of Jungck [54] there came a host of compatible 
like conditions whose definitions are presented in the following lines : 
DEFINITION 1.5.4 (57|. A pair of self-mapping (S,T) of a metric 
space (X,d) is said to be compatible of type (A) on X if 
lun d(STx ,TTx ) = 0 
and Irni d(TSx ,SSx) = 0, 
l l - » a ; V n ' IV ' 
whenever {x } is a sequence in X such that lim Sx = lim Tx = z for 
some z in X. 
A similar definition of compatibility of type (P) is introduced by 
Pathak et al [94] which is as follows : 
DEFINITION 1.5.5 [94]. Let S and T be mappmgs from a metric 
space (X,d) into itself. The pair (S,T) is said to be compatible of type 
(P) on X if lim^^^ d(SSx^,TTx^) = 0, whenever {x }^ is a sequence in X 
such that lim Sx = lim Tx = z for some z e X. 
n->co n n->a) n 
In 1998, Jungck and Rhoades [59] coined a definition of weak 
commutativity with minimal requirements for fixed point considerations 
described as under : 
DEFINITION 1.5.6 [59]. Two maps A, S : X ^ X are said to be 
coincidentally commuting if they commute at their coincidence points. 
8 
In 1996, Lai, Murthy and Cho [74] further improved the definition 
of 'compatibility of type (A)' by defining 'weak compatibility of type 
(A)' which runs as follows : 
DEFINITION 1.5.7 |74]. Let S and T be mappings from a metric 
space (X,d) into itself The pair (S,T) is said to be weakly compatible 
of type (A) if 
lim d(STx J T x ) < d(SzJz) < hm d(Tz,TTx ), 
and 
hm d(TSx ,SSx ) < d(SzJz) < lim d(Sz,SSx ), 
whenever Ix } is a sequence in X such that lim Sx = lim Tx = z, 
for some z in X. 
Motivated by Lai et al [74], Imdad and Khan [48] introduced the 
definition of weakly compatible mappings of type (P), which runs as 
follows : 
DEFINITION 1.5.8 [48]. The mappings S and T are said to be weakly 
compatible of type (P) if 
hm d(SSx ,TTx ) < d(Sz,Tz) < lim d(Tz,TTx ), 
n->oc ^ n ' w' V ' / n->oc v ' n^ ' 
l i m _ d(SSx„,TTx„) < d(Sz,Tz) < lim„_ d(Sz,SSxJ, 
whenever (x } is a sequence in X such that lim Sx = lim Tx = z 
for some z e X. 
As discussed above, there exists an extensive literature on the weak 
conditions of commutativity wliich can be easily adopted to non-self 
setting.. In fact more recent area in metrical fixed point theory is the 
study of fixed point of non-self mappings. The definitions which are 
for self- mappings context are changed for non-self mappings. While 
proving fixed point theorems for non-self mappings one need to adopt 
the weak commutativity for self mappings to the non-self settmg. The 
follownrg definitions are relevant to results presented m this text. 
DEFINITION 1,5.9 [40]. Let K be a nonempty subset of a metric 
space (X,d), S,T : K -^ X. Then pair (S,T) is said to be weakly 
commuting if for every x,y e K with x = Sy and Ty e K, we have 
d(Tx,STy) < d(Ty,Sy). 
Note that for K = X, this definition reduces to that of Sessa [116]. 
In 1986, Hadzic and Gajic [41], introduced the definition of 
compatiblity for non-self mappings which runs as follows : 
DEFINITION 1.5.10 [41]. Let K be a nonempty subset of a metric 
space (X,d) and S, T : K -^ X. Then the pair (S,T) is said to be 
compatible if every sequence {x^ } in K and from the relation 
lim d(Sx ,Tx ) = 0 and Tx eK, 
it follows that 
lim d(Ty ,STx ) = 0, 
for every sequence {y_J in K with y_^  = Sx^^ , n e N. For K = X, this 
definition reduces to 'compatibility' for self-mappings due to Jungck [54]. 
Motivated by Hadzic and Gajic [41], we adopt definitions of 
'R-weak commutativity' and ' coincidentally commuting mappings' to 
the non-self setting. 
DEFINITION 1.5.11. Let K be a nonempty subset of a metric space 
(X,d), S,T : K -> X. Then the pair (S,T) is said to be 'pointwise 
R-weakly commuting' on K if for every x, y e K with x = Sy and 
Ty e K, there exists R > 0 such that 
d(Tx,STy) < R d(Ty,Sy). (L5.11.1) 
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The pair (S,T) will be called R-weakly commuting on K if (1.5.11.1) 
holds for each x e K and some R > 0. 
By settmg R = 1 m Definition 1.5.11, we get the definition of weak 
commutafivity on K due to Hadzic and Gajic [41]( also see [54]) whereas 
for R = 1 and K = X one deduces the weak commutativity due to Sessa 
[116]. Also by setting K = X, we get the definitions of pointwise 
R-weak commutativity and R-weak commutativity due to Pant [84]. 
Here it is worth noticing that the pointwise 'R-weak commutafivity' is 
more general than 'compatibility'. 
DEFINITION 1.5.12. The maps S J : K ^ X (K c X) is said to be 
coincidentally commuting if for all x with Sx = Tx, Sx, Tx £ K =^ 
S T x ^ T S x . 
However, these implicafions can not be reversed. Neverthless, all 
these notions for the pair (T,S) are equivalent at coincidence point x 
(i.e. Tx = Sx). Note that for K = X, this definition reduces to 
corresponding definition of Jungck and Rhoades [59] for self-mappings. 
Here, we opt not to include those definifions which are not used in 
this text. But for the sake of completeness we included the references 
of those papers which are relevant to the table presented below. Indeed, 
this table is due to Murthy [80] wherein he has discussed the inter play 
of various weak conditions of commutativity in a lucid manner. 
As expected a pair of mappings S and T of a metric space (X,d) 
into itself is called non-commuting maps if and only if STx ^ TSx, 
x e X. (For detailed literature see [32, 53, 54, 57, 58, 79, 84, 89, 90, 
91, 92, 93, 95, ^d, 116]). We give below several tables relating these 
ideas : 
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(A) 
SI 
Mo 
01 
02 
03 
04 
05 
06 
07 
COMPARISION AND RELATIONSHIP TABLE 
Name of the 
Definition 
Commuting 
maps(f53]) 
Weaklj' 
commuting 
maps[116] 
Compatible 
maps [54] 
Weakly 
uniformly 
contraction 
maps [89] 
Compatible 
maps of 
type (A)[57] 
Compatible 
maps of 
type (P)[91] 
R-weakly 
commuting 
maps [84] 
Year 
1976 
1982 
1986 
1990 
1993 
1995 
1994 
Relationship with other via 
continuity of S and T 
when one map 
IS continuous 
Biased maps of 
type (Ag) or 
type (A^) 
Compatible 
maps, 
compatible 
maps of 
type (?) 
when both maps 
are continuous 
Biased maps of 
type (A )^ and 
type (A.^ ), 
compatible maps 
of type (A), 
compatible maps 
of type (?) 
Compatible maps. 
compatible maps 
of type (?) 
Compatible maps, 
Compatible maps 
of type (A) 
At 
coincidence 
point 
S^ = T^ 
ST^ = TS^ 
ST^ = TS^ 
ST^ = TS^ 
ST^ = TT^ 
TS^ - SS^ 
TT^ = SS^ 
ST^ = TS^ 
Remarks 
At coincidence 
point pair is 
commuting. 
At coincidence 
point pair is 
commuting. 
At coincidence 
points pair is 
commuting. 
Commuting 
maps and 
definition is 
equivalent to 
si. no. 3 and 4 
under certain 
conditions. 
Weaker than 
commutativity 
but behaviour is 
12 
08 
09 
10 
11 
R-weakly 
commuting 
maps of 
type (A)195] 
Biased 
maps [58] 
S-biased 
maps [96] 
Biased maps 
of type (A^) 
or type (A )^ 
[32] 
1997 
1995 
1999 
1999 
Biased maps 
of type (Ag) 
or type (A ,^) 
Biased maps 
Biased maps 
Biased maps 
of type (A )^ 
and type (A^) 
Biased maps 
of type (A )^ 
and type (A^) 
S-biased and 
T-biased maps 
d(ST^,SQ < 
d(TS^,T^) or 
d(TS^,TO < 
d(ST^,SQ 
d(SS^T^) < 
d(TS^,S^) or 
d(TT^,S^) < 
d(ST^T^) 
d(ST^J^) < 
d(TT^,S^) or 
d(SS^,T^) 
similar to weak 
commutativity at 
the time of 
obtaining fixed 
points. 
Similar 
behaviour of 
definition 4. 
Weaker than 
compatible 
maps. 
Weaker than 
compatible maps 
of type (A). 
(B) The folowing figure show that how some of the definitions related to each other via 
continuity of mappings or directly : 
Commuting 
maps 
:> 
Weakly 
comm. maps 
R-weakly 
comm. maps 
Weakly uniformly 
contraction maps 
R-weakly comm. 
maps of type (A) 
:> 
Compatible 
maps 
t 
Compatible maps 
of type (A) 
Biased 
maps 
¥ 
Biased maps of 
type (AT) or (As) 
$ 
f-biased maps 
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(C) The following figure show that how fixed point theorems with the concepts of non-
commuting and commuting maps have dominated the literature of Metric fixed point theory 
and it's applications : 
All results do not contain none 
of the commuting and 
non-commuting maps 
yweakly uniformly contraction 
R-weak commuting maps 
of type (A) 
compatible maps of type (A) Biased maps 
Compatible maps Biased maps 
vpf type(A^) 
Weakly commuting maps 
Commuting maps 
1.6 WEAK COMMUTATIVITY CONDITIONS IN HYBRID 
CONTEXT 
DEFINITION 1.6.1 [40,41]. Let K be nonempty subset of a metric 
space (X,d), T : K ^ X and S ; K ^ CB(X). The pair (S J ) is said to be 
weakly commuting (cf. [41]) if for every x,y in K such that x eSy and 
Ty e K, 
d(Tx,STy) < d(Ty,Sy) 
whereas the pair (S,T) is said to be compatible (cf. [40]) if for every 
sequence {x^ } cz K and from the relation d(Tx^,SxJ = 0 and Tx^eK, it 
follows that 
lim d(Ty ,STx ) = 0 
n->co ^ -' n ' 11'' 
for every sequence{xj in K with y^  e Sx .^ 
For hybrid pairs of self-mappings these definitions were introduced by 
Kaneko and Sessa [61]. 
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DEFINITION 1.6.2. Let T ; K ^ X and S : K -> CB(X) then (S,T) is 
said to be weakly compatible iff Tx = {Sx} =i> TSx = STx provided 
xeSy and TyeK. 
For further details and examples one can consult Jungck and 
Rhoades [59], 
DEFINITION 1.6.3 [6]. A metric space (X,d) is said to be metrically 
convex if for any x,y G X with x ^  y, there exists Z E X , x^^z?^ y such that 
d(x,z) + d(z,y) - d(x,y). 
DEFINITION 1.6.4 [52]. The maps T : K ^ CB(X) and S : K -> X 
are said to be commuting if TS(K) c ST(K) whenever Sx e K and 
Tx e K for all x in K. 
1.7 SOME MORE DEFINITIONS 
DEFINITION 1.7.1 [27]. A subset K of a linear space X is said to be 
starshaped if there exists at least one point p G K such that for each 
X G Kandt G(0,1), (1 - t)p + tx G K. 
We use -^ to denote strong convergence and ^ to denote weak 
convergence. 
DEFINITION 1.7.2 [27]. Let X be a nonned linear space and K a 
nonempty subset of X. A mapping T : K -> X is said to be demiclosed 
provided that if {xj c K, x^ ->- x G K and Tx^ ^ y G X then Tx = y. 
Before going to the main discussion, we record the following lemma 
for our future use : 
LEMMA 1.7.3 [6]. Let K be a closed subset of a complete metrically 
convex metric space. If XGK and y ^K then there exists a point z edK 
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(the boundary of K) such that 
d(x,z) + d(z,y) = d(x,y). 
Pant [87] introduced the concept of reciprocal continuity for self 
mappings which can be utilized well to prove fixed point theorems for 
compatible maps. This definition is as follows : 
DEFINITION 1.7.4 [87]. A pair of self - mappings (A,S) of a metric 
space (X,d) is said to be 'reciprocally contmuous' if lim ^  ^ ^ ASx_^  = Ap 
and lim SAx = Sp whenever |x | is a sequence in X such that 
lira Ax ^ lim Sx = p e X. 
If A and S are both continuous then they are obviously reciprocally 
continuous but the converse is not true. Moreover, in tlie settmg of common 
fixed point theorems for compatible maps satisfying suitable contractive 
conditions, the contmuity of one of tlie mappings A or S imphes their reciprocal 
continuity but converse is not true (i.e. Pant [87]). 
EXAMPLE 1.7.5 [87]. Consider X = [2,20] with usual metric on X. 
Define (A), S and T ; X -^ X by 
S2 = 2, Sx = 6 i fx>2 
T2 = 2, Tx=12 i f 2 < x < 5 , Tx = x - 3 i f x > 5 , 
A,2 = 2, A,x = 3 i f x > 2 , 
A2X = 2 ifx = 2 o r > 5 , A^x = 6 i f 2 < x < 5 , 
and for i > 2 
Ax = 2 i fx<2 + ( l / i )o r>5 , A.x = 6 if 2 + (l/i) < x < 5. 
Then {A.}, S and T have a unique common fixed point x = 2. It may be 
noted that the Aj and S are reciprocally continuous and compatible 
maps. But neither A nor S is continuous at x = 2 which is their common 
fixed point. 
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DEFINITION 1.7.6. A Banach space X is said to be uniformly convex 
if and only if, for each s in (0,2] there exists 5(s) > 0 such that for all 
x,y in X, ||x|| < 1, ||y|| < 1 and ||x + y|| < 2(1 - 5(s)). 
DEFINITION 1.7.7. A Banach space X is said to be strictly convex 
if and only if every point x, ||x|| = 1 is an extreme point of the set 
{x, | |x | |<l} . 
DEFINITION 1.7.8. Let X and Y be two real Banach spaces and 
T : X -> Y any operator not necessarily linear with D(T) = X. Then 
T is said to be Gateaux differentiable at x e X if there exists a 
continuous linear operator A : X -> Y ( in general depends on x), 
such that 
T(x + th) - T(x) 
lim 
t ^ O - A h 
t 
for every h e X. 
Equivalently, 
lim^^ o l|l/t[T(x + th) - T(x) - tAli]|| = 0 (1.7.5.1) 
for every h G X. 
The linear operator A is called the Gateaux derivative of T at x, written 
as A = dT(x) and it's value at h is denoted by dT(x).h or simply T'(x)h. 
The value T'(x)h e Y is called the Gateaux derivative of T at x in the 
direction h and T is said to be Gateaux differentiable at x in the direction 
h. The operator T is Gateaux differentiable at x if T is Gateaux 
differentiable at x in every direction. 
It follows from the definition that the Gateaux derivetive at x is a 
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continuous linear operator defined every where on X and it changes as 
X changes. Consequently T'(x) is continuous linear operator. 
DEFINITION 1.7.9. Let T : X ^ Y be an operator. Then we say that 
T is Frechet differentiable at x e X if there exists a continuous linear 
operator A : X ^- Y such that 
II T(x + h) - T(x) - Ah|| 
hm ^ 0. 
||h|| -^ 0 ||h|| 
Equivalently, 
[T(x + h) - T(x)] = Ah + w(x,h), (1.7.6.1) 
where 
l|w(x,h)|| 
lim 
= 0 , I.e. 
Ilhll - > 0 llhlj 
||w(x,h)|| = 0 (||h||). 
Thus the operator A e BL(X,Y) is called the Frechet derivative of T at 
x and is also denoted by DT(x) and hence in turn, the operator 
DT : X -> BL(X,Y) which assigns DT(x) to x is called the Frechet 
derivative of T. It's value at h will be written as DT(x)(h). 
EXAMPLE 1.7.10. Let T : R^  -> R be defined by 
X,^X/(X^^ + X / ) , X;^(0 ,0) 
T(x) = \ 
^0, x = (0,0). 
Clearly, T is Gateaux differentiable at (0,0) with Gateaux derivative '0'. 
But it is not Frechet differentiable for 
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|T(h)|| |h,Mi 1 - 2 1 
||h|| (h.^  + h^ )^ Vh,2 + h / 
1 
for h^  = h|^  
2Vl+h, ' 
-^ ]/2 ash, ^ 0 . 
1.8 BROWDER - KIRK - GOEHDE THEOREM 
Let X be a Banach space. A mapping T : X -^ X is called non-
expansive if ||Tx - Tyll < ||x - y|| for all x,y G X. The examples of non-
expansive mappings are translation map, identity map and isometry maps. 
It is well known that the fundamental properties of contraction 
mappings do not extend to non-expansive mappings. It is of great 
importance from application point of view to find out if non-expansive 
mappings have fixed points. The first ever fixed point theorem for non-
expansive mappings in Banach spaces has its origin in papers by 
Browder [12], Goehde [38] and Kirk [72] all of which appeared in 1965. 
If X is a uniformly convex Banach space or more generally X is a 
reflexive Banach space with a nonnal structure then a non-expansive 
mapping from a closed bounded convex subset into itself has a fixed 
point. Of course, every non-expansive mapping need not have a fixed 
point. For such examples one can see the papers of Browder [12] and 
Kirk [72]. The following well known result is due to Kirk [72]: 
Let X be a uniformly convex Banach space and C a non empty 
closed bounded convex subset of X. If T : C -> C is non-expansive 
then T has a fixed point. 
•k-kifk-k 
19 
CHAPTER - 2 
GENERAL COMMON FIXED 
POINT THEOREMS WITHOUT 
CONTINUITY 
CHAPTER - 2 
GENERAL COMMON FIXED POINT 
THEOREMS WITHOUT CONTINUITY 
2.1 INTRODUCTION 
There exists several common fixed point theorems in 
complete metric spaces satisfying various fmictional inequalities. 
For the work of this kind one can be referred to Singh and 
Meade [120], Hussain and Sehgal [45,46], C. C. Chang [18], 
S, S. Chang [19], Prasad [101], Kang and Rhoades [62], Khan 
[661 Khan and Iradad [68,69], Pathak [88] and others. In 1996, 
Lai et al. [74] proved an interesting fixed point theorem for four 
self-mappings employing one of the most general contraction 
condition which was further extended by Imdad and Khan [48] to 
six mappings besides some improvements in commutativity 
requirement in one of the involved pair. 
It has been known since 1968 (cf. Kannan [63]) that there 
do exist discontinuous maps possessing fixed points. But, in all 
such cases the functions were needed to be continuous at the 
underlying fixed points. Recently it has become possible to exhibit 
the existence of contraction conditions which are strong enough 
to guarantee a fixed point without continuity. In this regard, the 
The contents of this chapter are to appear in the Journal of 
Indian Academy of Mathematics. 
work of Pant [86,87], Singh and Mishra [118] deserve special 
mention. In this chapter by combining these two ideas, we prove 
general common fixed point theorems for non-continuous mappings 
with minimal commutativity requirements. 
The organization of Qiapter 2 is as follows; In Section 2.1, we 
have given an introduction to the material presented m subsequent 
sections. In Section 2.2, we prove a general common fixed point 
theorem for eight paii'wise coincidentally commuting non-continuous 
mappings which generalizes and improves earlier fixed point 
theorems due to Imdad and Khan [48], Khan [66], Khan and 
Imdad [68, 69, 70], Lai et al. [74], Hussam and Sehgal [45], 
Singh and Meade [120] and many others. 
In Section 2.3, as an application of our mam theorem (i.e. 
Theorem 2.2.2), we prove a fixed point theorem for four finite 
families of mappings from which one can deduce several fixed 
point theorems for iterates of mappings. This result is a slight 
generalization of Theorem 2.2.2 on the one side whereas on the 
other side this result can also be viewed as generalization of the 
theorem of the Bryant [16]. 
Section 2.4 furnishes an example to demonstrate the validity 
of the hypotheses and degree of generahty of Theorem 2.2.3 over 
the several earlier known results especially those contained in 
[45, 48, 68, 69, 70, 74, 121]. 
2.2 A GENERAL FIXED POINT THEOREM 
Let R"" denotes the set of all non-negative real numbers and 
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4^  be the family of mappings O from (R'f into R' such that 
(a ) O is non-decreasing, 
(b ) O is upper semi-continuous in each co-ordinate variable, 
(c ) r(t) = 0(t , t, a t, a t, t) < t, where F : R^^ R^ is a 
mapping with r(0) = 0 and a + a = 2 . 
In over all subsequent discussion in this chapter, we shall 
consider the mapping (j) belonging to class v|/. 
Now, let us recall a crucial lennna due to Singh and Meade 
[120] which we shall employ to prove our main result in this 
chapter. 
LEMMA 2.2.1. [120] For all t > 0, r(t) < t if and only if 
lim r"(t) = 0, where V" denotes the n-times composition of F. 
On the lines of Lai et al. [74], Imdad and Khan [48] 
introduced the notion of weak compatibility of type (P) (cf. 
Definition 1,5.8) and utilized it to prove the common fixed point 
theorem for six mappings wherein besides utilizing the the weak 
compatibility of type (P) for one pair, the other pair is 
postulated to be weak compatible (a notion due to Jungck and 
Rhoades [59]) which is further a weaker condition. The result reads 
as follows : 
THEOREM 2.2.2. [48] Let A, B, S, T, I and J be self -
mappings of a complete metric space (X, d) satisfying 
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(d ) AB(X) c J(X) and ST(X) c I(X), 
(e ) if either {AB,I} are weakly compatible of type (P), I or AB 
is continuous and {ST,J} are weakly compatible, or 
(f) {ST,J} are weakly compatible of type (P), ST or J is 
continuous and {AB,I} are weakly compatible, 
(g j for each x, y e X, (j) e v|/ and p > 0 
[1 + pd(Ix,Jy)]d(ABx,STy) < p max(d(Ix,ABx).d(Jy,STy), 
d(Ix,STy).d(Jy,ABx)} + (l)(d(Ix,Jy),d(Ix,ABx), 
d(Jy,STy),d(Ix,STy),d(Jy,ABx)). 
Then AB, ST, 1 and J have a unique common fixed point. 
Further, if the pairs (A,B), (A,I), (B,I), (S,T), (S,J) and (T,J) are 
commuting then A, B, S, T, I and J have a unique common 
fixed point. 
Motivated by Singh and Mishra [118], we generalize Theorem 
2.2.2 by relaxing continuity of involved maps besides reducing the 
commutativity requirement to coincidence points only. Using these 
conditions we improve the earlier results due to Imdad and Khan 
[48] and relevant results from earlier cited references. 
The main result of this chapter is as follows : 
THEOREM 2.2.3. Let A, B, S, T, I, F, G, and J be self-
mappings of a metric space (X,d) with AB(X) c GJ(X) and 
ST(X) c FI(X) satisfying the contraction condition 
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[l+pd(FIx,GJy)]d(ABx,STy) < p max (d(FIx,ABx).d(GJy,STy), 
d(FIx,STy).d(GJy,ABx)}+0(d(FIx,GJy),d(FIx,ABx), 
d(GJy,STy),d(FIx,STy),d(GJy,ABx)) (2.2.3.1) 
for all x, y in X, O e\j; with p > 0. If one of AB(X), ST(X), 
GJ(X), FI(X) is complete subspace of X, then 
(h ) (AB, FI) has a point of coincidence, 
(i ) (ST, GJ) has a point of coincidence. 
Further, if the pairs (AB,F1) and (ST,GJ) are coincidentally 
commuting, then AB, ST, FI and GJ have the unique common 
fixed point z. Moreover, if the pairs (A,B), (AB,I), (AB,F) (FI,A), 
(F1,B), (F,I), (S,T), (ST,G), (ST,J), (G,J), (GJ,S) and (GJ,T) 
commute at z, then z remains a unique common fixed point of 
A, B, S, T, L F G and J. 
. . 5 • • - ' 5 '-^ •> ^ ? * •> * •> 
PROOF. Let X be an arbitrary point m X. Since AB(X)c:GJ(X), 
we can find a point x in X with ABx =GJx . Also, since 
^ 1 0 1 ' 
ST(X) c FI(X), one can choose a point x in X with 
STx = Fix . Using this argument repeatedly one can construct a 
sequence {z } such that, 
z =ABx =GJx , z =STx =FIx n=0,l,2,... (2.2.3.2) 
2n 2n 2 n + r 2ii+l 2n+l 2n+2, 3 , , v / 
For the sake of brevity, let us put 
a = d(ABx ,STx ), and a = d(STx ,ABx ), n = 0, 1, 2 
2n ^ 2n 2n+Y 2ii+l ^ 2ii+r 2n+2^ Now using (2.2.3.1), we have 
[l+pd(FIx ,GJx )]d(ABx , STx ) < p max {d(FIx ,ABx ) 
•- ^ ^ 2n 2n+r-' ^ 2n 2n+r ~ ^ *- ^ 2n 2ii 
d(GJx ,STx ),d(FIx ,STx )d(GJx ,ABx )} 
^ 2n+l 2n+r ^ 2n 2n+r ^ 2n+l 2n^' 
+cD(d(FIx ,GJx ), d(FIx ,ABx ),d(GJx , STx ), 
^ ^ 2/1 2n+r ^ 2n 2 i / ^ 2n+l 2n+r 
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d(FIx , STx ), d(GJx ,ABx )), 
^ 2n' 2n+r ^ 2n+l In ^ 
which impHes that 
(1+pa ) a < pa a + 0 ( a , a , a ,a +a ,0). 
^ ^ 2n-r 2 n ~ ^ 2\\-\ 2a ^ 2 n - r 2 i i - r 2n 2n-l 2n ^ 
Thus It follows that 
a < 0 ( a , a , a , a + a , 0). 
2n 2 n - r 2 i i - r 2n 2ii-l 2n ^ 
If a > a for some n e N' (N' = N u 10}), then 
2ii 2n~l ^ I - > / ' 
a < r a < a , which is a contradiction. 
2n 2n 2JI 
Thus, we must have a < Fa for n = 1, 2, 3,.... Snnilarly, 
2II 2n-1 
we have a < Fa . Proceedinff in this way, we obtain 
2n+I 2ii -^  
a < Fa < F 'a < < F'Ya ), 
n n-1 11-2 ^ 0^ 
and by Lemma 2.2.1, since lim F"a = 0, lim a = 0 if 
n->oD 0 n->co n 
a = 0, we have 
0 
hm a = 0 (2.2.3.3) 
n-^oo n 
which eventually leads to a = 0 for n = 1, 2, 3,.... 
Now we will show that the sequence {z } defined by (2.2.3.2) is 
a Cauchy sequence in X. For this it is sufficient to prove that 
{ABx } is a Cauchy sequence in X. Suppose that this is not 
2n 
true. Then there exists an s > 0 and a sequence {n(k)} of even 
integers defined inductively with n(l) = 2 and n(k+l), the smallest 
even integers greater than n(k) such that 
so that 
d(ABx , ABx ) > s (2.2.3.4) 
^ n(K) n ( K + l / ^ ' 
d(ABx , ABx ) < s (2.2.3.5) 
^ n(K) n(K+l)-2^ ^ ^ 
It follows from (2.2.3.1) and (2.2.3.5) that 
s < d(ABx ,ABx ) < s + a + a 
^ n(K)' n(K-H)-^ n(K-H)-2 n(K+I)-
for k = 1,2.... which by (2.2.3.3) implies that 
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lim d(ABx , ABx ) = s (2.2.3.6) 
n-^cc ^ n(K) n(K+l)-2^ 
Now, on account of the non-decreasing property of ^ and 
because of (2.2.3.1) and (2.2.3.5) it turns that 
[1 + pla - d(ABx ,ABx )|] d(ABx ,ABx ) 
"- ^ ' n(K+l)-l ^ n(K+l) n(Ky '' ^ n(K) n(K+I)^ 
= [l+pld(STx ,ABx )-d(ABx ,ABx )|ld(ABx ,ABx ) 
•- ^ ' ^ n(K+l)-l' n(K+l)^ ^ n(K+l) n{K.y^^ ^ ii(k) n(K+\y 
< [1 + p d(STx ,ABx )l[a + d(ABx ,STx )] 
•- ^ ^ n(K+l)-l n (K/ - " - n(K) ^ n(k+l) ' n (K)+r- ' 
= [1 + p d(STx ,ABx )la 
"• ^ n(K+l)-r n(K/-^ n(K) 
+ [1 + p d(STx ,ABx )ld(ABx , STx ), 
•- '^ ^ n(K+l)-r nCK/-" ^ n(K:+l) n(K)+r 
< [1 + p d(STx ,ABx ) + d(ABx ,ABx )la 
•• "^  ^ . n ( K + l ) - r n(K+l)-2-^ ^ n(K+l)-2 n(K-)^-' n(R) 
+ [1 + p d(FIx ,GJx )ld(ABx ,STx ) 
"- '^ ^ n(K+l) i i(K)+r- ' ^ ii(K.+ l) n (K)+r 
< ri+p(a + s la + p max(d(FIx ,ABx ) 
•- '^^ ii(K+l)-2 -• n(K) ^ ^ ^ n(K+l) ii(K+l)^ 
d(GJx ,STx ),d(FIx ,STx ) d(GJx ,ABx )} 
^ n(K)+r ii(k)+r ^ n(K+l) n(k)+r ^ n(K)+l ii(K+l) ' 
+ 0(d(FIx ,GJx ),d(FIx ,ABx ), d(GJx ,STx ), 
^ ^ n(k+l) n(k)+r ^ n(k+l) n (k+l / ^ ii(k)+r n(k)Tr 
d(FIx ,STx ), d(GJx , ABx )) 
^ n(k+l) n(k)+r ^ ii(k)+l n(k+l)^^ 
< il+p(a +s)la +p maxla a ,d(STx ,STx ) 
"- ^"^ n(K+lh2 ^-' n(k) ^ ^ ii(k+l)-l n(k) ^ n(k+l) n(k)+r 
d(ABx ,ABx )} + 0(d(STx ,ABx ),a ,a , 
^ ii(k) n(k+l)^-^ ^ ^ n(k+l)-l n(k)^ n ( k + l ) - r n(k) 
d(STx ,ABx ), d(ABx ,ABx )). 
^ n ( k + l ) - r n ( k / ^ ii(k) ii(k+l)^^ 
< [l+p(a + s)1a + p maxla a , (a + s + a ). 
•• ^ ^ n(k+l)-2 ^-' n(k) ^ ^ n(k+l)-l n(k) ^ ii(k+l)-2 n(kr 
d(ABx ,ABx ) + 0 ( a + 8, a ,a , a + 
^ n(k) n (k+l / ^ n(k+l)-2 n ( k + l ) - r n(k) n(k+l)-2 
8 + a ,d(ABx , ABx )). 
n(k) ^ n(k) n(k+l)^^ 
Letting n^oo in the above inequahty and using (b ), (c ), (2.2.3.3) 
and (2.2.3.5), one gets 
8 + ps^< ps^+ 0(s , 0, 0, 8, 8) 
and so it gives us 
8 < 0(8, 0, 0, 8, 8) < r8 < 8 
which is a contradiction. Hence {ABx } is a Cauchy sequence. 
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Similarly, we can show tliat {STx } is also a Cauchy sequence in X. 
Now suppose that GJ(X) is a complete subspace of X, then 
by observing that the sequence (z } which is contained in GJ(X) 
must get a hmit z in GJ(X). Let u e (FI)"^  (z), then Flu = z. We 
also need to use the fact that the subsequence {z } also 
2n-I 
converges to u. Otherwise, let on contrary that {z } converges 
to z' then usmg (2.2.3.1) one gets 
d(z z ) < r(d(z z )) < d(z z ) 
2n 2n+l 2n 2ii+l 2n 2n+l 
wJiich on letting n->oo, reduces to 
d(z, z') < d(z, z') 
implying thereby z = z'. 
To prove that ABu = z, set x = u and y = x in 
'^ •' 2 u - l 
(2.2,3.1), then 
[1 + p d(Flu,GJx^^^ )^] d(ABu,STx^_^ )^ < p max{d(FIu,ABu) 
d(GJx ,STx ),d(FIu,STx ' )d(GJx ,ABu)} 
^ 211-1' 2n- l^ ^ 2 n - r ^ 2n-l ^' 
+0(d(FIu,GJx^_^ ^), d(Flu,ABu),d(GJx^^^ ,^STx^ _^  ^ ), 
d(Flu,STx ),d(GJx ,ABu)) 
^ 2 n - r ' ^ 2n-l ^^ 
which on letting n-^tx), reduces to 
d(ABu,z) < rd(ABu,z) < d(ABu,z) 
implying thereby ABu = z. Thus one gets ABu = Flu = z which 
establishes (h ). 
Smce AB(X) cz GJ(X), ABu = z nnplies that z £ GJ(X). Let 
V e(GJ)~ z, then GJv = z. Again using the earher arguments, it can 
be easily shown that STv = z, yielding thereby GJv = STv = z 
which establishes (i). 
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If one assumes that FI(X) is a complete subspace of X, then 
analogous arguments establishes (h ) and (i) . 
The remaining two cases pertain essentially to the previous 
cases. Indeed if ST(X) is complete then z e ST(X) cz FI(X) 
and in case AB(X) is complete then z e AB(X) cz GJ(X). Thus 
(h ) and (i ) are completely established. 
Moreover, if the pairs (AB,F1) and (ST,GJ) are coincidentally 
commuting at u and v respectively, then 
G ) z = ABu = Flu = STv = GJv, 
(kp ABz = AB(Flu) = FI(ABu) = Flz, 
(1^ ) STz = ST(GJv) = GJ(STv) = GJz. 
If STz i^ z, then using (2.2.3.1), we get 
[l+pd(FIu,GJz)]d(ABu,STz) < p max {d(FIu,ABu)d(GJz,STz), 
d(FIu,STz)d(GJz,ABu) + 0(d(FIu,GJz),d(FIu,ABu), 
d(GJz,STz),d(FIu,STz), d(GJz,ABu)) 
which reduces to 
d(z,STz) < r(d(z,STz)) < d(z,STz) 
yielding thereby z = STz. 
Similarly one can show that z = ABz. Thus z is a common 
fixed point of AB, ST, FI and GJ. The uniqueness of common 
fixed point follows easily. Also z remains the unique common 
fixed point of both the pairs separately. 
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Now using the commutativity of various pairs at z, one can 
write 
Az = A(ABz) = AB(Az), Az = A(FIz) = FI(Az), 
Bz = B(ABz) = AB(Bz), Bz = B(FIz) = FI(Bz), 
Iz = I(ABz) = AB(Iz), Iz = I(FIz) = FI(Iz), 
Fz = F(ABz) = AB(Fz), Fz = F(FIz) = FI(Fz), 
Sz = S(STz) = ST(Sz), Sz = S(GJz) = GJ(Sz), 
Tz = T(STz) = ST(Tz), Tz - T(GJz) = GJ(Tz), 
Gz = G(STz) = ST(Gz), Gz = G(GJz) = GJ(Gz), 
and Jz = J(STz) - ST(Jz), Jz = J(GJz) = GJ(Jz), 
which show that Az, Bz, Iz and Fz are the common fixed point 
of the pair (AB,FI) whereas Sz, Tz, Gz and Jz are common 
fixed point of the pair (ST,GJ). Now appeahng to the uniqueness 
of common fixed point of both the pairs, one can immediately 
conclude that 
z = Az = Bz = Fz = Iz = Sz = Tz = Gz = Jz, 
which show that z remains the unique common fixed point of 
A, B, S, T, I, F, G and J. This completes the proof. 
By setting F = G = Identity map, Theorem 2.2.3 gives us 
the following : 
COROLLARY 2.2.4. Let A, B, S, T, I and J be self-mappmgs 
of a metric space (X,d) with AB(X) c J (X), ST(X) c I(X) 
satisfying 
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[l+pd(Ix,Jy)]d(ABx,STy) < p max{d(Ix,ABx)d(Jy,STy),d(Ix,STy) 
d(Jy,ABx)}+(D(d(Ix,Jy),d(Ix,ABx),d(Jy,STy), 
d(Ix,STy),d(Jy,ABx)) (2.2.4.1) 
for all x,y in X with p > 0. If one of AB(X), ST(X), I(X), J(X) 
IS a complete subspace of X, then 
(m ) (AB,I) has a point of comcidence. 
(n ) (ST,J) has a point of coincidence. 
Further, if the pairs (AB,I) and (ST,J) are coincidentally 
commuting, then AB, ST, I and J have a unique common fixed 
point. Moreover, if the pairs (A,B), (AB,I), (A,I), (B,l), (S,T), 
(ST,J), (S,J) and (T,J) commute at z, then z remains the unique 
common fixed point of A, B, S, T, I and J. 
REMARK 2.2.5. Here, it is worth noting that the above corollary 
is still an improved version of the Theorem 2.2.2 of Imdad and 
Khan [48] for six pairwise coincidentally commuting 
discontinuous mappings under fewer completeness requirement. 
The results embodied in the next corollary present improved 
versions of various resuhs presented in relevant corollaries of Lai 
et al. [74] and Imdad and Khan [48] as results in this note are 
proved for discontinuous coincidentally commuting mappings 
besides increasing the number of involved mappings and 
suggesting a set of four alternate weak conditions instead of 
utilizing the completeness requirement with its full force. 
COROLLARY 2.2.6. The conclusions of Theorem 2.2.3 remain 
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true if we retain all the hypotheses except substituting contraction 
condition (2.2.3.1) by any one of the following : For all x,yeX. 
[l+pd(FIx,GJy)]d(ABx,STy) < p max(d(FIx,ABx)d(GJy,STy), 
(FIx,STy)d(GJy,ABx)} + q max{d(Frx,GJy),d(FIx,ABx), 
d(GJy,STy), d(FIx,STy), d(GJy,ABx)}, (2.2.6.1) 
where 0 < q < 1 and p > 0. 
[H-pd(FIx,GJy)]d(ABx,STy) < p max {d(FIx,ABx)d(GJy,STy), 
d(FIx,STy)d(GJy,ABx)} + q max{d(FIx,GJy),d(FIx,ABx), 
d(GJy,STy), [d(FIx,STy) + d(GJy,ABx)]/2} (2,2.6.2) 
where 0 < q < 1 and p > 0. 
[l+pd(FIx,GJy)]d(ABx,STy) < p max{d(FIx,ABx)d(GJy,STy), 
d(FIx,STy)d(GJy,ABx)} + ad(FIx,GJy)+P[d(FIx,ABx) + 
d(GJy,STy) + 5[d(FIx,STy) + d(GJy,ABx)] (2.2.6.3) 
where a,(3,5 are non-negative real numbers with a+2p+25<l. 
[l+pd(FIx,GJy)]d(ABx,STy) < p max{d(FIx,ABx)d(GJy,STy), 
d(FIx,STy)d(GJy,ABx)} + f(max {d(FIx,GJy),d(FIx,ABx), 
d(GJy,STy),l/2[d(FIx,STy) + d(GJy,ABx)]}), (2.2.6.4) 
where p > 0 and f : R^'^R^ is a function satisfying the 
conditions (a^), (b^ and f(t) < t for all t > 0. Then A, B, S, T, 
F, I, G and J have a unique common fixed point m X. 
PROOF. The above corollary naturally follows if we define a 
mapping ^ ; R"^^ -> R^ by 
(0^ ) *(t,, y t^ , t^ . tp = q max{t,. t^ , y t^ , t^, 
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(p ) (l)(t , t , t , t , t ) = q max{t , t , t , l/2(t + t )}, 
(q ) (l)(t , t , t , t , t ) = at + P(t + t ) +5(t + t ) , 
(r ) ())(t , t , t , t , t ) = f(iTiax{t , t , t , 1/2(1 + t ) } , 
\ ^J TV j5 2 ' 3 4 5^ ^ ^ 1 2 3 ^ 4 5'^' 
respectively where 0 < q < 1, a, p, 5 are non - negative real 
numbers with a + 2p + 26 < 1 and (|) : R^ —> R' is a function 
satisfying the conditions (a ), (b ) and f(t) < t for all t > 0, then 
(j) e \\i. 
By restricting p = 0 m Corollary 2.2.4 we gQt the following 
corollary which present generalized and improved versions of 
many well known fixed point theorems especially those contained, 
in Ciric [20], Khan and Imdad [68], Singh and Singh [121], 
Jungck [53], Hardy and Rogers [42] Kannan [63,64] and several 
others. 
COROLLARY 2.2.7. The conclusions of Theorem 2.2.3 remain 
true if we retain all the hypotheses except restricting the condition 
(2.2.3.1) to any one of the following : 
d(ABx,STy) < q max {d(FIx,GJy),d(FIx,ABx),d(GJy,STy), 
d(Flx,STy),d(GJy,ABx)}, (2.2.7.1) 
where 0 < q < 1, 
d(ABx,STy) < q max {d(FIx,GJy),d(FIx,ABx),d(GJy,STy), 
[d(FIx,STy)+d(GJy,ABx)]/2}, (2.2.7.2) 
where 0 < q < 1, 
d(ABx,STy) < ad(FIx,GJy)+P[d(Flx,ABx)+d(GJy,STy)] + 
5[d(FIx,STy)+d(GJy,ABx)], (2.2.7.3) 
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where a, (3 and 5 are non-negative real numbers with a+2p+25 < 1, 
d(ABx,STy) < f(max{d(FIx,GJy),d(FIx,ABx),d(GJy,STy), 
[d(FIx,STy) + d(GJy,ABx)]/2}), (2.2.7.4) 
where f : R ' - ^ R ^ is a function satisfymg the conditions (a ), (b ) 
and f(t) < t for all t > 0. Then A, B, S, T, I, F, G and J have 
a unique common fixed point in X. 
By setting F = I,G = J, A = B and S = T, in Theorem 2.2.3, we 
deduce the following : 
COROLLARY 2.2.8. Let F, G, A and S be self- mapping of a metric 
space (X,d) with A\X) a G\X) and S\X) c F\X) satisfying the 
contraction condition 
[l+pd(F'x,G'y)]d(A'x,SV) < p max {d(F'x,A'x).d(G'y,S'y), 
d(F'x,SV)d(GV,A'x)}+0(d(F'x,GV),d(F'x,A'x), 
d(GYsV),d(F^x,sV),d(GV,A^x)) 
for all X, y in X, Oevj/ with p > 0. If one of A ' ( X ) , S ' ( X ) , 
G (X), F (X) is complete subspace of X, then 
(s ) (A , F ) has a point of coincidence, 
(u ) (S , G ) has a point of coincidence. 
Further, if the pairs ( A ; F O and (S^G^ are coincidentally 
9 9 7 9 
commuting, then A , F , S and G have the unique common 
fixed point. Moreover, if the pairs (A^,F), (F^,A), (G^S) and 
(S ,G) commute at z, then z remains a unique common fixed 
point of A, F, S and G. 
REMARK 2.2.9. By choosing ^ and p as earher we can derive 
analogous corollaries similar to Corollary 2.2.6 and 2.2.7. 
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2.3 AN APPLICATION 
As an application of Theorem 2.2.2 (restricted to four mappings 
S, T, I and J), we derive a common fixed point theorem for four finite 
famiUes of mappings which runs as follows: 
THEOREM 2.3.1. Let {S„ S^,....SJ, {T„ T,,....,TJ, {I„ I„....Ip}and 
{J,, J^,....!^ be four finite families of self - mappings of a metric space 
(X,d)with S = S,S,....S ,T = T,T, T , I = I,L I and J = J,L J 
^ ' ^ I 2 m' 1 2 IV 1 2 p 1 2 q 
satisfying the following conditions: 
(v ; S(X) d J(X), T(X) c I(X), 
(w ) one of S(X), T(X), 1(X) and J(X) is a complete subspace of X, 
(x )^ [1+p d(Fx,Gy)]d(AxJBy) < p max{d(Fx,Ax).d(Gy,By), d(Fx,By).d(Gy,Ax)} 
+ 0(d(Fx,Gy),d(Fx,Ax),d(Gy,By),d(Fx,By), d(Gy,Ax)). 
Then 
(y ) (S, I) have a point of coincidence, 
(z ) (T, J) have a point of coincidence. 
Moreover, if S S. = S.S., LI, = I,L, TT = T T , JJ = J J„ S.f = LS., and 
' 1 J J i ' k I 1 k' r s s r' t u u t ' i k k i ' 
Vt^^Jt^r for alii, J e I, = {1,2, m},k,l E I^  = (1,2, p},r, s e 
I3 = (1,2, n} and t, u e I^  = (1,2, q}. 
Then (for all i e I,, k e L, r e L and t e L) S., I,, T and 1 have a 
^ P 2 ' 3 4'' 1' k' r t 
common fixed point. 
PROOF. The conclusions (y ) and (z) are immediate as S, T, I and J 
satisfy all the conditions of Theorem 2.2.2. Now employing to 
componentwise commutativity of various pairs, one can immediately 
prove that SI = IS and TJ = JT and hence obviously both the pairs 
(S, I) and (T, J) are coincidentally commuting. Note that all the conditions 
of Theorem 2.2.3 (for four mappings S, T, I and J) are satisfied ensuring 
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the existence of unique common fixed point z. Now we need to show 
that z remains the fixed point of all component maps. For this consider 
S(S,z) = ((S„S„...SJS,)z = (S,S,..S„,)((S„^S» 
= (Sr-S,„J(S,S„,z) 
- (Sr-S„J(S,„,S,(S„z)) = (S,....S^,)S^(S.„,(S„z)) 
- (S,-S.iS„,,S,)((S„,.,S„^.,(S„,z))) = = (S.(S,S,...SJ)z 
= S,(Sz) = S,z. 
Similarly one can show that 
S(I,z) = I,(Sz) = I,z, l(I,z) = y i z ) = I,z. I(S^z) = S,(Iz) = S^ z. 
T(T z) = T (Tz) = T z. T(J,z) - J,(Tz) - J,z. J(T z) - T (Jz) = T z. 
J(J,z) = J,(Jz) = J,z 
which show that (for all i, r, k and t) S^ z and I^ ,z are other fixed points 
of the pair (S, I) whereas T^ z and ]x are the other fixed points of the 
pair (T, J). Now, in view of the uniqueness of common fixed points of 
the pairs (S, I) and (T, J) one gets (for all i, r, k and t) 
z = S.z = Tz = Lz = J,z 
1 r k t 
which show that z is a common fixed point of S^ , T_., \ and J^  for all i, r, 
k and t. 
By settmg S, = S^= .... = S„^  = A, T, = T^  = T„ = B, I, = I^  -
= I = F and J, = J2=....J = G we get a fixed point theorem for A'", 
B", FP and & which can be described as follows: 
COROLLARY 2.3.2. Let A, B, F and G be self - mappmg of a metric 
space (X,d) with A"XX) c G''(X) and B"(X) c: FP(X) satisfying the 
contraction condition 
[l+pd(F^x,GV)]d(A'\,B"y) <pmax (d(F''x,A'"x).d(GV,B"y), 
d(F\,B'y)d(G\,A'\)}+0(d(F\,GV),d(F''x,A"x), 
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d(GV,B"y),d(F''x,B"y),d(GV,A"x)) 
for all X, y in X, OGM/ with p > 0. If one of A'CX), B"(X), 
G\X), F^(X) is complete subspace of X, then 
(a ') (A"", F'') has a point of coincidence, 
(b ') (B", C ) has a point of coincidence. 
Further, if the pairs (A'",F^) and (B",G'') are coincidentally 
commuting, then A'", F'', B" and G'' have the unique common 
fixed point. Moreover, if the pairs (A'",F), (F'',A), (G'',B) and 
(B",G) commute at z, then z remains a unique common fixed 
point of A, F, B and G. 
PROOF. Since all the conditions of Theorem 2.3.1 are satisfied 
therefore A"\ F ,^ G'' and B" have a unique common fixed point 
z. Now, A'"Fz = FA"V = Fz, FP(FZ) = F(FPZ) - Fz, FP(AZ) = 
A(FPz) = Az, A'XAz) = A(A"z) = Az, B"Gz = G(B"z) =Gz, G'<(Gz) 
= GCG z^) = Gz, G'i(Bz) = B(G^z) = Bz, B"(Bz) = B(B"z) = Bz. 
By using the uniqueness of common fixed point of both the 
pairs separately one can conclude that 
z = Fz = Gz = Az = Bz 
which shows that z remains the unique common fixed point of 
A-", B", FP and G .^ 
REMARK 2.3.3. Note that by setting m = n = p (for all i, r, 
k and t) S^  = T^  = I^  = J^  =F, we deduce a fixed point theorem 
for an iterate of F which presents a significant generalization to 
the theorem of Bryant [16]. Indeed, Corollary 2.3.2 can be 
realized as a generalization to the theorem of Bryant for iterates 
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of four mappings. On the other hand choosing (j) and p suitably 
one can derive sharpened versions of several known common 
fixed point theorems for iterates of four mappings especially 
those contained in Lai et al. [74], Singh and Meade [120], 
Husain and Sehgal [45], Khan and Imdad [70], Jungck [53], Ciric 
[20], Smgh and Smgh [121], Fisher [29,-30], Das and Naik [22], 
Kannan [63], Rhoades [104] and several others. 
2.4 AN ILLUSTRATIVE EXAMPLE 
Now we furnish an example to demonstrate the validity of the 
hypotheses and degree of generahty of Theorem 2.2.1 over earlier 
results especially those contamed m [45, 48, 66, 68, 69, 70, 74, 121]. 
Consider X = [0,6] with usual metric. Define self-mappings 
A, B, S, T, F, L G, and J on X as 
. . , * _ ^ , W , i j J . , ^^ ^ - J ^ 
AO = 0, Ax - 1, 0 < X < 6, 
BO = 0, Bx = 2, 0 < X < 6, 
SO = 0, Sx = 3, 0 < X < 6, S6 = 0, 
TO = 0, Tx = 4, 0 < X < 6, T6 = 6, 
FO - 0, Fx = 5, 0 < X < 6, F6 = 3, 
10 - 0, Ix = 1, 0 < X < 6, 16 = 6, 
GO = 0, Gx = 6, 0 < X < 6, G6 = \, 
and JO = 0, Jx = 2, 0 < x < 6, J6 = 6. 
One may notQ that all the eight maps in this example are 
discontinuous even at their unique common fixed point 'o ' . Also, 
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the pairs (AB,FI) and (ST,GJ) commute at ' 0 ' which is their 
common point of coincidence. Clearly AB(X) = {0,1 }cz GJ(X) 
= {0,1,6} and ST(X) = {0,3}c FI(X) = {0,3,5}. Also, all the 
needed pairwise commutativity at coincidence point ' 0 ' are 
mimediate. 
By a routine calculation one can. verify that contraction 
condition (2.2.3.1) is satisfied if we define 
M , t, t , t , t ) = q max {(t, t , t , t , t} witli p = q = 1/10. 
^^ l' 2 3 4 5^ ' ^^ 1 2 3 4' 5^  f i 
Clearly '0 ' is the unique common fixed point of A, B, S, T, F, 
I, G and J. 
Here it is worth noting that none of the results in [45, 48, 
66, 68, 69, 70, 74, 121] can be used in the context of this 
example even if we reduce the number of maps accordingly, as 
all earlier theorems require the continuity of at least one of the 
involved maps. Even with continuity of one of the involved map 
Theorem 2.2.2 presents a genuine extension of Theorem 2.2.1 of hudad 
and Klian [48] as commutativity requirements are further weakened. 
To substantiate this claim one needs to note that none of the 
pairs (AB,FI) and (ST,GJ) are weakly commuting (cf. [116]) and 
hence compatible (cf. [54]) because 
|ST(GJ6) - GJ(ST6)| = 3 > 1 = |ST6 - GJ6| 
whereas 
|AB(FI6) - FI(AB6)| = |1 - 5| > |3 - 1| = |FI6 - AB6|. 
Moreover, one may note that number of involved maps are 
raised from six to eight. 
38 
Finally, one may note that comrautativity of the pairs (A,B), 
(A,I), (B,I), (S,T), (S,J) and (T,J) (postulated m Imdad and Khan 
[48]) imply the commutativity of the pairs (AB,A), (AB,B), (AB,I), 
(A,B), (A,I), (B,I), (S,T), (ST,J), (S,J), (T,J), (STJ) , (ST,S) at 
some point z but not conversely. To substantiate this one needs 
to note that in the present example the pairs (AB,A), (AB,B), 
(ABJ), (A,B)„ (AJ), (BJ), (SJ), (STJ), (SJ), (TJ), (STJ) , 
(ST,S) commute at z = 0 but ABl :^ BAl, BIl ^ IBl, STl ^^  
TSl, SJl ^ JSl and TJl j^ JTl which refuse the commutativity 
of these pairs as claimed earlier. 
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CHAPTER - 3 
FIXED POINT THEOREMS 
SATISFYING IMPLICIT 
RELATIONS 
CHAPTER-3 
FIXED POINT THEOREMS SATISFYING 
IMPLICIT RELATIONS 
3.1 INTRODUCTION 
There exist several fixed point theorems satisfying various functional 
inequalities whose details and descriptions are already given in Chapter 
2. Besides this Delbosco [23] proved some fixed point theorems which 
satisfy functional inequalities restricted to three suitable co-ordinate 
variables enjoying some other conditions that can be described as 
follows : 
Let H| be the set of all real continuous functions g : [0 oc)^  -^ [0,°^) 
satisfying the following : 
(a3) g ( l , l , l ) = h < l , 
(b3) if u, V > 0 be such that either u < g(u, v, v) or u < g(v, u, v) or 
u < g(v, V, u) then u < hv. 
It is known that Delbosco's contractions (cf [23]) can not be 
viewed as restrictions to some other contraction conditions of Husain 
and Sehgal [45] for three suitable co-ordinate variables and vice-versa 
but those are two different generalizations. Delbosco [23] type 
contractions have been used by several authors in recent years which 
are not relevant to the present context. 
Recently, Popa [99] proved interesting fixed point theorems 
The contents of this chapter are to appear in the Journal Radovi 
Matematicki,Vol.ll(l) (2002). 
satisfying suitable implicit relations. The results in this chapter are inspired 
by the implicit relations utilized by Popa (i.e. [99]) whose details and 
examples will be discussed in the next section. 
Section 3.2 of this chapter is devoted to the description of implicit 
relations needed to prove our main results. In Section 3.3, we prove 
fixed point theorem which generalize earlier fixed point theorems due to 
Popa [99] satisfying implicit relations. Section 3.4, furnishes two 
examples which are utilized to demonstrate the utility of our results 
over earlier ones due to Popa [99], In the last section, we refine a general 
fixed point theorem in compact metric spaces due to Popa [100] which 
ennches earlier results due to Fisher et al. [31], Jungck [54], Tas et al. [126] 
and Telci et al. [127]. 
3.2 IMPLICIT RELATIONS 
Popa [98, 99] proved several interesting fixed point theorems 
satisfying suitable implicit relations. For proving such results, Popa 
[98,99] considers 3 to be the set of all continuous functions 
F : R '^' -> R satisfying the following conditions: 
Fj: F is non-increasing in t^  and t^ , 
F^: there exists h e (0,1) such that for u, v > 0 with 
F^ ^^ :^ F(u, V, V, u, u + V, 0) < 0 or 
F^ ^^ :^ F(u, V, u, V, 0, u + v) < 0, implies u < hv. 
F3 : F(u, u, 0, 0, u, u) > 0, V u > 0 . 
Here we quote the following examples of such functions F due to 
Popa [99,100] satisfying the conditions Fj, F^  and F3. 
EXAMPLE 3.2.1. 
F(tp •••• t,) = t, - k maxlt^, t3, t^ , (t, + t;)/2} where k e (0,1). 
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EXAMPLE 3.2.2. 
F(t,, ...., g = t^' - t,(at,+ bt3+ e g - dt^ t^  
where a > 0, b, c, d > 0, a + b + c < 1 and a + d < 1 
EXAMPLE 3.2.3. 
F(t„ ...., g = t,^  - at ,^,- bt,t3t,- ct^H^ - dt3g 
where a > 0, b, c, d > 0, a + b < 1 and a + c + d < 1. 
EXAMPLE 3.2.4. 
r S "^4 ^ S 6^ -\ 
F(tp-.g = g - c | - J 
•- t + 1 +1 +1 -" 2 3 4 
where c e (0,1). 
EXAMPLE 3.2.5. 
F(tp , g = g - a t 
where a > 0, b > 0 and a + b < L 
EXAMPLE 3.2.6. 
F(t,, ...., g = t,2 - c,max{g, 13^ , t /} - c^  max{(t3t3, y j - (:^\^i^ 
where Cj+ 20^ < 1, c, + C3 < 1 and Cj, z^, C3 > 0 
EXAMPLE 3.2.7. 
F(t„ ...., g = (1 + pgt - p max{(t3t,, t^tj - max (t,, i^, t^ , {i^ + t^ )/2} 
where p > 0. 
EXAMPLE 3.2.8. 
F(t,, , t^ ) = t^- max{(t,, t3, t,, (t3+ t,)/2, bCt^ t,)'^ ^} 
where 0 < b < 1. 
EXAMPLE 3.2.9. 
F(t„ , g = t,^- at^H,- btjt3t, - c t3% - dt^g, 
where a, b, c, d > 0 and a + b + c + d < l . 
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For more details and verifications of such implicit relations, one 
can see Popa [99, 100]. 
One may note that in order to utilize implicit functions in the context 
of compact metric spaces the conditions F^  and F3 are needed to be 
modified as under: 
F2* : For u > 0 and v > 0 satisfymg, 
F^ ^^ ^^* : F(u, V, V, u, u + V, 0) < 0 or 
F2(.|,j* : F(u, V, u, V, 0, u + v) < 0 nnplies u < v, 
F3* : F(u, u, 0, 0, u, u) > 0. 
3.3 RESULTS IN COMPLETE SPACES 
Utilizing such an implicit function F satisfying Fj, F^ and F^, 
Popa [99] proved the following fixed point theorem. 
THEOREM 3.3. L [99, Theorem 2] Let S, T, I and J be self- mappmgs 
of a complete metric space (X,d) satisfying the following : 
(C3) S(X) c J(X) and T(X) c I(X), 
(d^) the pairs (S,l) and (T,J) are compatible, 
(e3) one of S, T, I and J is continuous, 
(g3) for all x,y in X and F e 3, 
F(d(Sx,Ty), d(Ix,Jy), d(k,Sx), d(Jy,Ty), d(Ix,Ty), d(Jy,Sx)) < 0, (3.3.1.1) 
Then S, T, I and J have a unique common fixed point. 
The main purpose of this chapter is to improve Theorem 3.3.1 
besides discussing related results. Here our improvement is three fold : 
(h3) to relax the continuity requirements of the maps completely, 
(13) to reduce the commutativity requirements of the maps to 
coincidence points only. 
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(j^) to weaken the completeness requirements of the space to four 
alternative natural conditions. 
Now, taking above into consideration, we state and prove our main 
result as follows : 
THEOREM 3.3.2. Let S, T, I and J be the self- mappings of a metric 
space (X,d) which satisfy (c )^ and (g^). If one of S(X), T(X), I(X) and 
J(X) is a complete subspace of X, then 
(k3) S and I have a point of coincidence, 
(I3) T and J have a point of coincidence. 
Moreover, if the pairs (S, 1) and (T, J) are coincidentally commuting, 
then S, T, I and J have a unique common fixed point. 
PROOF. Let Xp be an arbitrary point in X, then due to (C3) one can 
inductively define a sequence 
{SXQ, TX,, SX^, TX3, ,Sx2„, Tx ,^,^ ,, } (3.3.2.1) 
such that Sx^  = Jx^ ,^, Tx, ,^ = Ix. ,^ for n = 0,1,2. Then on the lines of 
2n 2n+l' in+1 2n+2 ' ' 
Popa [99] one can show that the sequence described by (3.3.2.1) is a 
Cauchy sequence. 
Now suppose J(X) is a complete subspace of X, then note that the 
subsequence Jx2,^ ,^^  Sx^ ^^  is contained in J(X) and hence gets a limit u. 
Let V e J"^ u, then Jv = u. Here one also needs to note that the 
subsequence IXj^ ^^ ^ " Tx2^ |^ also converges to u. To prove that Tv = u, 
let on contrary that d(u,Tv) > 0. Then setting x = x^^^  and y = v in 
(3.3.1.1), one gets 
F(d(Sx^,Tv), d(k,„,Jv), d(Ix2„,SxJ, d(Jv,Tv), d(k ,Jv) , d(Jv,SxJ) < 0 
which on letting n ^ oc reduces to 
F(d(u, Tv), 0, 0, d(u, Tv), d(u, Tv), 0)) < 0, 
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implying thereby d(u, Tv) < 0 or u = Tv, which shows that J and T have 
a point of coincidence. Since T(X) cz I(X), Tv = u implies that 
u e I(X). Let a e I"'u, then Ico = u. Now using earlier arguments one 
can show that So) = u. Thus S and I have a point of coincidence. If one 
assumes that I(X) is complete then analogous arguments establish the 
earlier conclusions. 
The remaining two cases pertain essentially to the previous cases. 
Indeed, if S(X) is complete then by (C3) u e S(X) c J(X). Similarly, if 
T(X) is complete then u e T(X) c I(X). Thus (k^) and (I3) are completely 
estabHshed. 
To produce common fixed point one needs to note that pairs (S,I) 
and (T,J) are coincidentally commuting at ca and v respectively, and 
(mj) u = Tv = Jv = Soo = Ico, 
(n^) Su = SIco = ISco = lu, 
(O3) Tu = TJv = JTv = Ju. 
If Tu ^ u, then d(Tu, u) > 0 and hence, 
F(d(Sco, Tu), d(Ico, Ju), d(Ico, Sco), d(Ju, Tu), d(Ico, Tu), d(Ju, S©)) 
- F(d(u,Tu), d(u,Tu), 0, 0, d(u,Tu), d(u,Tu)) > 0, (due to F3) 
which is a contradiction to (3.3.1.1), hence d(u,Tu) = 0 or u = Tu. 
Similarly, one can show that Su = u. Then evidently u is a common 
fixed point of S, T, I and J. The uniqueness of common fixed point is 
an easy consequence of impHcit condition (3.3.1.1). 
COROLLARY 3.3.3. By choosing S, T, I and J suitably and modifying 
the remaining hypotheses accordingly, the derived conclusions of 
Theorem 3.3.2 remain true if for all x, y e X and F e 3 the implicit 
condition (3.3.1.1) is replaced by any one of the following : 
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(P3) F(d(Sx, Sy),d(Ix, Jy),d(Jx, Sx),d(Jy, Sy),d(Ix, Sy),d(Jy, Sx)) < 0 
(derived by setting S = T ) 
(q3) F(d(Sx, Ty),d(Ix, Iy),d(Ix, Sx),d(Iy, Ty),d(Ix, Ty),d(Iy, Sx)) < 0 
(derived by setting I = J ) 
(r3) F(d(Sx, Sy),d(Ix, Iy),d(Ix, Sx),d(Iy, Sy),d(Ix, Sy),d(Iy, Sx)) < 0 
(derived by setting S = T and I = J ) 
(S3) F(d(Sx, Sy),d(x, y),d(x, Sx),d(y, Sy),d(x, Sy),d(y, Sx)) < 0 
(derived by setting S = T and I = J=Identity map ) 
(U3) F(d(Sx, Ty),d(x, y),d(x, Sx),d(y, Ty),d(x, Ty),d(y, Sx)) < 0 
(derived by setting I = J = Identity map) 
REMARK 3.3.4, A variant of fixed point theorems corresponding to 
miplicit conditions (S3) and (U3) appear m Popa [98, Theorem 3] and 
[98, Tlieorem 4] respectively. Note that in our corollary corresponding 
to (S3) the completeness of the space is replaced by completeness of 
S(X) whereas corresponding to (U3) the completeness of the space is 
weakened to completeness of T(X). 
As an application of Theorem 3.3.2, one can prove a common 
fixed point theorem for four finite families of mappings which can also 
be viewed as a generalization to the theorem of Bryant [16]. 
THEOREM 3.3.5. Let {S„ S,, SJ, {T,,T,, ,TJ, {I„I,, y and 
{J,,J2, Jq} be four finite families of self - mappings of a metric space 
(X,d) with S = S,S, S„, T = T,T, T , I = 1,1, I^  and J = J,J, J, 
satisfying the following conditions : 
(V3) S(X) e J(X), T(X) cz I(X), 
(W3) one of S(X), T(X), I(X) and J(X) is a complete subspaee of X, 
(X3) F(d(Sx, Ty),d(Ix, Jy),d(Ix, Sx),d(Jy, Ty),d(Ix, Ty),d(Jy, Sx)) < 0 
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for all x,yeX and F e 5. Then 
(YJ) (S , I) have a point of coincidence, 
(Z3) (T, J) have a point of coincidence. 
Moreover, if 
S,S^  = S^S, 1,1, = I,I„ T T = T T^ , j ; ^ = J^J, SJ, = I,S„ and T J, = J,T 
for alii, J e I, = {1,2, m}, k, 1 e 1^ = {l,2,.....p},r, s e 13 = (1,2, n} 
and t, u e I^  = {1,2, q}. Then (for all i e Ij, k G I^ , r G I3 and t G I^) 
S., I,, T and J have a common fixed pomt. 
1' k' r t ' 
PROOF. The proof is similar to that of Theorem 2.3.1, hence it is omitted. 
By setting m = n = p = q and (for all i, r, k and t) S^  = T^  = F and 
I, = Jj = Identity map (say), one deduces the following fixed point theorem 
which can be viewed as a variant of Bryant's Theorem (cf [16]). 
COROLLARY 3.3.6. Let F be a self - mapping of a metric space (X,d) 
such that there exists some n G N satisfying 
F(d(F"x, F"y),d(x, y),d(x, F"x),d(y, F"y),d(x, F"y),d(y, F"x)) < 0 
for all x,y in X and F e 3 . If F"(X) is a complete subspace of X, then F 
has a unique common fixed point. 
The following theorem is essentially due to Popa [99]. (For a 
function T : X -^ X, F(T) denotes the set of fixed points of T). 
THEOREM 3.3.7. [99, Theorem 3] Let S,T,I and J be self mappings 
of a metric space (X,d) which satisfy implicit condition (3.3.1.1), then 
(F(I) n F(J)) n F(S) = (F(I) n F(J)) n F(T). 
As noticed in Popa [99], Theorem 3.3.1 and Theorem 3.3.6, one 
can have the following : 
THEOREM 3.3.8. Let I, J and {T.}, 1 = 0,1,2,.... be self- mappings of 
a metric space (X,d) such that 
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(a3') T,(X) c I(X) and T;(X) cz J(X), i e N, 
(bj') pairs (T^J) and (T.J) (i eN) are coincidentally commuting pairs, 
(C3') the inequality 
F(d(T„x,T.y),d(Ix,Jy),d(Ix,V),d(Jy,ry),d(Ix,ry),d(Jy,V)) < 0 
for all x,y in X, 1 e N and F e 3 . 
If one of I(X), J(X) or T^ X is a complete subspace of X or alternately 
T.(X) (leN) are complete subspace of X, then I, J and T., i = 0,1,2,.... have 
a unique common fixed pomt. 
PROOF. The proof is similar as that of Theorem 3.3.7. Hence it is omitted. 
3.4 RELATED EXAMPLES 
In this section we furnish examples demonstrating the validity of 
the hypotheses and degree of generality of results proved in previous 
section. The first of these examples presents instances where the main 
results of Popa [99, Theorem 2] can not be used but our result 
(i.e. Theorem 3.3.2) works. 
EXAMPLES 3.4. L Consider X = [0 , 6] with usual metric. Define 
self - mappings S, T, I and J on X as 
S0 = 0, S x = l , 0 < x < 6 , 
T0 = 0, Tx = 3, 0 < x < 6 , 
10 = 0, Ix = 5, 0 < x < 6 , 16 = 3, 
and J0 = 0, Jx = 6, 0<x<6, ]6=l. 
One may note that all four maps S, T, I and J are discontinuous 
and even at their unique common fixed point '0'. Also the pairs (S, I) 
and (T, J) commute at '0' which is their common point of coincidence. 
Clearly S(X) = { 0,1} cz (0,1,6} = J(X) and T(X) = {0,3} c I(X) = 
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{0,3,5}. Define a continuous function F = R"''' -> R by 
F(tj, , tg) = tj - k maxlt^, t3, t^ , {t^+ tg)/2} where k e (0,1), then one 
can verify (see [99]) that F satisfies Fj, F2 and F3. By a routine calculation one 
can verify that imphcit contraction condition (3.3.1.1) is satisfied if we choose 
k = 1/10. 
Here it is worth noting that none of the results from [99] can be 
used in the context of this example as all earlier theorems require the 
continuity of at least one involved maps. Even with the continuity of at 
least one involved map, Theorem 3.3.2 presents a genuine extension of 
Theorem 2 of Popa [99] as commutativity requirements are further 
weakened. To substantiate this one needs to note that none of the pairs 
(S, 1) and (T, J) are weakly commuting (cf. [116]) and hence compatible 
(cf. [54]) because, 
|SI6-1S6| = |1 - 5 | > 0 = |16-S6| 
whereas 
|TJ6 - JT6| = |3 - 6| > |1 - 3| = |J6 - T6| . 
Our next example is constructed to exhibit that weakening the 
completeness of the space X to four alternative natural conditions may 
prove fruitful situationally even if the underlying space is complete. In 
this regard, we furnish the following example. 
EXAMPLE 3.4.2. Let X = (0, 1, 1/2, 1/2^ 1/2 ,^ } be a metric 
space with the usual metric d(x,y) ^ |x - y| for all x, y e X. Define 
mappings S, I : X ^ X by 
S(0) =^  l/2^ S(l/2") = 1/2-^ 1(0) = 1/2,1(1/2") = 1/2"^ ' for n = 0, 
1,2,.... respectively. Also set S = T and I = J. Clearly 
S(X) = {1/2^ 1/23,....) c {1/2, l/2^ l/2^....} = I(X). 
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Define a continuous function F = R"^*^  —> R by 
F(t., ...., t,) = t,^  - a t / - [ _ _ - ^ J^(with a = 1/2 and b = 1/4) 
then F satisfies Fj, F^  and F3(see [99]). Furthermore, 
F(d(SO,Sl), d(10, II), d(10, SO), d(ll, SI), d(IO,Sl), d(Il, SO)) 
= F(0,0,l/4,l/4,l/4,l/4) = - 1/72 < 0. 
Similarly one can show that 
F(d(SO, Sl/2), d(10, 11/2), d(10, SO), d(Il/2, Sl/2), 
d(IO, Sl/2), d(ll/2, SO)) < 0 , 
F(d(SO, Sl/4), d(IO, 11/2), d(IO, SO), d(ll/2, Sl/4), 
d(10, Sl/4), d(Il/4, S0))<0, 
and so on. 
Also for X = l/2"and y = 1/2"' (n, m = 0,1,2, ,n ^ m), we have 
F(d(Sl/2", S1/2-), d(Il/2", 11/2™), d(ll/2", Sl/2"), d(Il/2"\Sl/2"0, 
d(Il/2",Sl/2"'), d(ll/2"\ Sl/2")) 
F(l/4|l/2"-l/2"'|,l/2|l/2"-l/2"'|,l/2""^ l/2'""^l/2|l/2"-l/2"'"^|, 
|l/2"'"'-l/2""2|) 
(11/2"-1/2'"-'I 11/2'"-1/2"-'I) 
= -l/8|l/2"-1/2"'P <0. 
4(|l/2"- l/2"-'P + 11/2"^- l/2"'-'P + 4) 
Hence all the conditions of Theorem 3.3.2 are satisfied except the 
completeness of the subspaces S(X) and T(X). Note that S and I have 
no point of coincidence. Here it is fascinating to note that in the set up 
of Theorem 3.3.2 even the completeness of the space can not ensure 
the existence of coincidence point as the space X is complete in the 
present example. Also note that S and I are not continuous at the origin. 
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3.5 RESULTS IN COMPACT SPACES 
Recently Popa [100] proved the following interesting fixed point 
theorem in compact metric spaces which appears to be first result in 
compact metric spaces satisfying implicit relations. We are not aware 
of any other result via implicit relations in compact metric spaces. For 
the sake of completeness we record the result due to Popa [100,Theorem 
5] which runs as follows : 
THEOREM 3.5.1. [100] Let S, T, I and J be self mappings of a 
compact space (X,d) such that : 
(d3') S(X) d J(X) and T(X) c I(X), 
(63') F(d(SxJy),d(Ix,Jy),d(Ix,Sx),d(Jy,Ty),d(lx,Ty),d(Jy,Sx)) < 0, 
for all x,y in X for which one of d(lx,Jy), d(lx,Sx),d(Jy,Ty) is positive, 
where F e 3, satisfying F ,^ F2* and F3*. 
(g3') the pair (S,l) is compatible (resp. compatible of type (A), 
compatible of type (P)) and the pair (T, J) is coincidentally commuting, 
(113') the functions S and 1 are continuous, 
then F, G, 1 and J have a unique common fixed point z. Further z is the 
unique common fixed point of both the pairs (S, I) and (T,J). 
We note that: 
THEOREM 3.5.2. Theorem 3.5.1 remains true if compatibility of pair 
(S,I) (resp. compatibility of type (A) or compatibility of type (P) of 
(S,I)) is weakened to weak compatibility ( or coincidentally commuting 
property) retaining the rest. 
PROOF. The proof of the this theorem is similar as that of 
Theorem 3.5.1. For the sake of completeness, we opt to outlined it 
briefly. Let m = inf{d(Sx,Ix) : x e X}. Since X is compact metric space 
5\ 
there is a convergent sequence {x^ } with 
Um X = x„ 
n-»oc n 0 
in X such that 
hm d(Ix ,Sx ) = m. 
n->oc V n' IV 
Since 
d(Ix„,SxJ < d(lx„,lxj + d(Ix^,,SxJ + d(Sx^,Sx,), 
then by continuity of S and I and lim_^ ^^  x_^  = x^  we get d(IXg,SxQ) < m 
and thus d(IX(,,SX|^ ) = m. 
Since S(X) c= J(X), there exists a point y^  m X such that Jy^ = Sx^  and 
thus d(IxQ,JyQ) = m. Suppose that m > 0. Then using (e3') we have 
F(d(Sx„,Ty,),d(Ix,,Jy,),d(Ix„,SxJ,d(Jy,,Ty„),d(Ix„,TyJ,d(Jy,,Sy„))<0, 
or F(d(Jyo,Tyo), m, m, d{Jy^Jy^), m + d(Jyo,TyJ,0) < 0, 
yielding thereby (due to F*^^ 
(h3') d(Jy„,Ty„) < m. 
Since T(X) c I(X), then there is a point z^  in X such that Iz^ = Ty^  and 
thus d(IzQ,JyQ) < m. Since d(IzQ, Sz^ )^ > m > 0, by (e^'), we have 
F(d(Sz„,Ty„),d(Iz,,JyJ,d(Iz„,SzJ,d(Jy„,Ty„),d(Iz„,Ty„),d(Jy,,Sz,))<0, 
F(d(iz„,Sz,),d(Jyo,Tyo),d(iZo,Sz„),d(Jyo,Tyo),o,d(Jyo,Tyo) + d ( ^ , S z j ) < o, 
implying thereby (in view of F*^^ 
(I3') d(Iz„,Sz„) < d(Jy„,Ty„). 
Now, making use of (hj') and (i3'), one obtains 
m < d(Iz„,Sz„) < d(Jy„,TyJ < m, 
which is a contradiction. Therefore, m = 0 which imphes 
(J3') 1^ 0 = Jyo = sx^. 
If d(Jy ,^TyQ) > 0, then by (63'), we have 
F(d(Sx„,Ty„),d(Ix„,Jy„),d(Ix„,Sx,),d(Jy^,Ty,),d(Ix„,Ty^),d(Jy^,Sy,))<0, 
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or F(d(Jy„,Ty„), 0, 0,d(Jy„,TyJ,d(Jy„,Ty„),0) < 0, 
yielding thereby (due to F*^ ,) dCiy^Jy^) < 0, a contradiction. Thus 
d(JyQ,Tyo) = 0, which gives Jy^ = Ty .^ Therefore 
(k3') Ix,= Sx„=Jy, = Ty„. 
Since (S,I) are coincidentally commutuig and S^ x^  = SIx^ = ISx^ = Px^. 
If l \ ^ IXQ then ISx^ ^ Jy^ and by (Cj') onexan have 
F(d(SXJyo),d(ISx„,Jy,),d(ISx,,S\),d(Jy„Jy„), 
d(ISx„,Ty,),d(Jy„,ISy,)) < 0, 
or F(d(S\ ,IxJ, d(lX,IxJ, 0, 0, d(lX,Ix,),d(lX,IxJ) < 0 
a contradiction to (F3*). Therefore, Ix^ = Px^. Hence 
(V) six, = Ix„ = \\. 
Similarly, one can show 
K ' ) TJYO = JYO ^ J'YO-
Let u = IXjj = Jy,. Then Su = SIx^ = ISx, = Px, = lu, which implies 
Su = lu. Similarly, Tu = Ju. Since u = Ix, = Px^, then lu = u. Similarly, 
Ju = u. Therefore, Su = u = lu = Ju = Tu and u is a common fixed point 
of S, T, I and J. 
Suppose that T and J have another common fixed point v ^ u, then 
d(u,v) ^ 0 hence using (63') one gets 
F(d(Su,Tv),d(Iu,Jv),d(Iu,Su),d(Jv,Tv),d(Iu,Tv),d(Jv,Su)) < 0, 
or F(d(u,v),d(u,v),0,0,d(u,v),d(u,v)) < 0, thus u =v a contradiction to 
(F3*). Thus one can show that u is a unique common fixed point of S 
and I. 
REMARK 3.5.3 By choosing S, T, I, J suitably in Theorem 3.5.2, one 
can derive a corollary analogous to Corollary 3.3.3 for compact metric 
spaces. Here, due to repetition, the details are not included. 
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COROLLARY 3.5.4. The conclusions of Theorem 3.5.2 remains true 
if we replace condition 3.5.2.1 by any one of the following : 
[1 + p.d(Ix,Jy)]d(Sx,Ty) < p max{d(Ix,Sx).d(Jy,Ty),d(Ix,Ty).d(Jy,Sx)} 
+ max{d(Ix,Jy),d(Ix,Sx),d(Jy,Ty), 
[d(Ix,Ty) + d(Jy,Sx)]/2}, (3.5.4.1) 
d(Sx,Ty) < max{d(Ix,Jy),d(Ix,Sx),d(Jy,Ty), 
[d(Ix,Ty) + d(Jy,Sx)]/2}, (3.5.4.2) 
d2(Sx,Ty) < c max{d2(Ix,Sx),d2(Jy,Ty),dXIx,Jy)} 
+ ((l-c)/2)max{d(Ix,Sx),d(Jy,Ty),d(Ix,Jy),d(Ix,Ty),d(Jy,Sx)} 
+ (l-c)d(Ix,Ty). d(Sx,Ty)}, (3.5.4.3) 
and d(Sx,Ty) < max{d(Ix,Jy),d(Ix,Sx),d(Jy,Ty), 
[d(Ix,Ty)+d(Jy,Sx)]/2, bVd(Ix,Ty)d(Jy,Sx)} (3.5.3.4) 
for all x,y e X with b, c e (0,1) and p > 0. 
PROOF. The above corollary follows immediately from Theorem 3.5.2 
if we define 
F(t,, ...., t^ ) = (l+pt2)t, - p max{t3t,, t3tj - max{t,,t3,t^,(t3+t^^)/2} 
with p > 0, 
F(tp , g = t, - maxjt^, t3, t,, (t3+ t^)/2}, 
F(t,, , t^ ) = tj2 - c max{t/, i^^t^] - C2max{t3t5,t^tJ - z^i^X^ 
where Cj + 20^ < 1, c^  + C3 < 1 and c ,^ c^ , C3 > 0 
and F(t,, .... , t j - t, - max{t,, i^ ,i,i%n^)l2] , b^/yJ 
with b e (0,1). 
Here one may recall that all above four implicit functions enjoy the 
properties Fj, ¥*^^^^, F*^ ^^ ^ and F*3 whose verifications are available in 
Popa [99,100]. 
REMARK 3.5.5. Corollary 3.5.3 corresponding to the condition 
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(3.5.3.1) extends a theorem due to Fisher, Telci and Tas [31] to two 
pairs of coincidentally commuting mappings whereas the same 
(i.e. Corollary 3.5.3) corresponding to condition 3.5.3.3 further refines 
a theorem due to Telci, Tas and Fisher [127] where 'commutativity' and 
'continuity' requirements are weakened. Similarly Corollary 3.5.3 
correspondmg to the condition (3.5.3.2) enriches a well known fixed 
point theorem due to Jungck [54] in 'commutativity' and 'continuity' 
considerations in compact setting. Corollary 3.5.3 corresponding to 
the condition (3.5.3.4) extends a theorem of Telci, Tas and Fisher [127] 
to two pairs of coincidentally commuting mappings. Besides these 
deductions and improvements, one can employ implicit functions to 
derive new fixed point theorems. For example the possible fixed point 
theorems via Theorem 3.5.2 corresponding to implicit relations (see 
[Examples 3.2.5 and 3.2.9]) 
F(tp , g - V - a t , H , - b t , t 3 t , - c t 3 % - d t 3 t , ^ 
(with a, b, c, d > 0 and a + b + c + d < 1) 
13^1/+t/ t / 
and F(t,, ...., tj = t,^  - c] 1 
L t, + t3 + t, + 1 J 
(withe e (0,1)) 
are seeming new to the existing literature. 
:k ^ :k :k :k 
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4.1 INTRODUCTION 
A nonlinear self-mapping T of a nonempty subset D of a real Banach 
space X IS said to be asymptotically quasi-nonexpansive (cf. [102]) if 
F(T) ^ (j) and there exists a sequence (u^} in [0, oc) with lim^^ ^^  u^  = 0 
such that 
II T"x - PII < (l+uj||x - PII, VX e D, (P G F(T) and n e N) 
whereas T is said to be asymptotically nonexpansive (cf. [37]) if there 
exists a sequence {u^ } m [0,cc) with liin,^^ u^  = 0 such that 
II r x - r y II < (l+uj||x - y||, V x,yGD and n e N, 
and lastly T is said to be mapping of asymptotically nonexpansive (cf [73]) if 
lim sup^ supll r x - r y || - ||x - y|| < 0, V yeD. 
xeD 
In 1973, Petryshyn and Williamson [97] gave a necessary and 
sufficient condition for Mann iterative sequence to converge to fixed 
points of quasi-nonexpansive mappings. In 1997, Ghosh and Debnath 
[35] extended the results of [97] and gave the necessary and sufficient 
conditions for Ishikawa iterative sequence to converge to fixed points 
for quasi-nonexpansive mappings. Recently, Qihou [102] extended results 
contained in [35,97] and gave the necessary and sufficient conditions 
for Ishikawa iterative sequence to converge to fixed points of 
asymptotically quasi-nonexpansive mappings. 
Now, we introduce the concept of nearly nonexpansive mappings 
as under : 
DEFINITION 4,1.1. The mapping T is said to be nearly asymptotically 
nonexpansive if there exists a sequence (u J in [0, oc) with lim^^^ ^"^^ 
such that 
II Tx - T'V II < ||x - y|| + u , V X, y e D and n e N. 
REMARK 4.1.2. If D is bounded and T is asymptotically nonexpansive 
mapping, then T is nearly nonexpansive. In fact, for all x,y G D and 
n e N, we have 
X - T y < (1 + u ) x - y 
II J II V ^/\\ J II 
< ||x - y|| + u ||x - y|| 
II J II n i l - 'II 
< ||x - y|| + u . diam D. 
II J II n 
REMARK 4.1.3. If D is bounded and T is nearly nonexpansive 
mapping, then T is a mapping of asymptotically nonexpansive type. To 
see this, let T be a nearly nonexpansive mapping, then 
II r x - Vy II < ||x - yjl + u , V x, yeD and n e N 
II J II II J I I f i ' ' -' 
implies 
sup^gjj III T"x - T"y II - ||x - y||} < u^, V yeD and n e N. 
Hence Inn sup„ sup^^^ {|| Vx - Ty \\ - jjx - y||} < 0, V yeD. 
One may note from Remarks 4.1.2 and 4.1.3 that the class of nearly 
nonexpansive mappings is an intennediate class between the class of 
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asymptotically nonexpansive mappings and that of mappings of 
asymptotically nonexpansive type. 
The problem of existence of fixed points for nonLipschitzian 
mappings of asymptotically nonexpansive type (and hence nearly 
nonexpansive mappmgs) has been extensively studied by several authors 
(see [73, 129]). 
In the present chapter, we discuss the problem of approximation 
of fixed points for the class of nearly nonexpansive mappings which is 
some how more general than that of asymptotically nonexpansive 
mappings. The purpose of this chapter is to continue discussion 
concerning convergence of Mann and Ishikawa iteration process for 
nearly nonexpansive mappings in Banach spaces. We give necessary 
and sufficient conditions for the Mann and Ishikawa iteration process 
to converge to fixed points of nearly nonexpansive mappings. 
We obtain flirther existence of various results obtained quite recently 
by Deng [24], Ghosh and Debnath [35], Qihou [102] and Tan and Xu 
[124,125] to more general types of spaces as well as families of 
operators. 
In the next section, we discuss some definitions and lemmas, 
which are relevant to the results in the later sections. Section 4.3 dealt 
with weak convergence and dual convergence theorems for nearly non-
expansive mappings in Banach spaces having different geometric 
structures whereas Section 4.4 is devoted to strong convergence 
theorems. We conclude the chapter by proving a Rhoades type fixed 
point theorem which applies instances not included by earlier results 
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due to Rhoades [105], Ghosh [34] and Khan and Imdad [71]. 
4.2 PRELIMINARIES AND LEMMAS 
Recall that a Banach space X is said to be smooth provided 
||x + tyll - ||x|| 
lim 
t - > 0 t 
exists for each x and y in S = (x G X : ||x|| = 1}. In this case, the norm 
of X is said to be Gateaux differentiable. It is said to be uniformly 
Gateaux differentiable (see Definition 1.7.8) if for each y e S, this limit 
is attained uniformly for x e S. The norm is said to be Frechet 
differentiable (see Definition 1.7,9) if for each x € S, this limit is attained 
uniformly for y e S. Finally, the norm is said to be uniformly Frechet 
differentiable if the limit is attained uniformly for (x,y) GS x S and in 
this case X is said to be uniformly smooth. Since the dual X* of X is 
uniformly convex if and only if the norm of X is uniformly Frechet 
differentiable, every Banach space with a uniformly convex dual is 
reflexive and has a uniformly Gateaux differentiable norm. The reverse 
is false. 
If X is smooth, the duality mapping J is said to be weakly 
sequentially continuous at '0' if {J(x_^ )} converges to '0' in the sense of 
the weak -star topology of X*, as {x^ } converges weakly to '0' in X. 
We say that a Banach space X satisfies the Opial's condifion [82] 
ifforaIIy?ix 
K ^ n f | |x„-x||<liminf | |x,-yi|. 
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The examples of Banach spaces which satisfy the Opial's condition 
are Hilbert spaces, and all L [0, In] with \ < p ^ 2 fails to satisfy 
Opial's condition [82]. 
Let D be a nonempty closed convex subset of a Banach space X. 
Then I-T is demiclosed at zero if for any sequence {x_J in D condition 
x^  -^ X weakly and lira^ ^ |x_^  - TxJ| = 0 implies (I-T)x = 0. 
A Banach limit LIM is a bounded linear functional on /"" such that 
11+1 
hm inf t < LIM t < lim sup t = LIM t 
n II 11 n n ^n ii ii ii 
for all (t J being a bounded sequence in /"" . Then we can define the real 
- valued continuous convex function /'on a Banach space X by 
/(z) = LIM_^  Ij x^  - z|p for all z e X, where {x_^ ) is a bounded sequence in X. 
To prove the main results of this chapter, we need the following 
results : 
LEMMA 4.2. L [39] Let X be a Banach space with uniformly Gateaux 
differentiable norm and u G X. Then 
.Au) = mf ^^, f{z) iff LIM,^  < z, J(xJ > = 0 
for all z e X, where J : X -> X* is the normalized duality mapping, and 
<• ' •> denotes the generalized duality pairing. 
LEMMA 4.2.2. Let D be a nonempty subset of a normed space X and 
T : D ^ D a nearly nonexpansive mapping with sequence {a^ } such 
that Z°'„=, a^  < oc. Given two real sequences ( a j and {P^} in [0,1] and 
a sequence {x^ } in D defined by 
x ,^ = (1 - a )x +a T"y , 
ii+l ^ IK n n -^  n ' 
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y. - 0 - P ,X + PnT"x,. n e N. (4,2.2.1) 
If p is a fixed point of T, then 
(a,) ||x,,, - pll < ||x^ - pll + (1 + P„)a„ V n e N, 
( b j lim ||x - pll exists. 
PROOF, (aJ From (4.2.2.1), we have 
l|x ,, - pll < (1 - a )j|x - pll + a lly - pll + a a 
H n+1 i^n V ,1/11 n ^" nH-'n ^ n n n 
< (1 - a )!|x - pll + a ((1 - B )||x - p|| + p ||T"x - p||) + a 
^ (1 - a )||x„ - Pll + a ((] - PJ||x„ - Pll + p„ IITX - p|l) + a„ 
< ||x„ - Pll + (1 + P,X, V n e N . (4.2.2.2) 
( b j Since E""^ ^^ , \ < ^c, it follows from (4.2.2.1) and [125, Lemma 1, 
p.303] that lim^ |x_^  - p|| exists. 
LEMMA 4.2.3, Let D and T be as in Lemma 4.2.2 Given a real 
sequence {a^ } in [0,1] and a sequence {xj in D defined by 
X ^ = (1 - a )x + a r x , n e N. (4.2.3.1) 
If p is a fixed point of T, then 
(c J ||x ,^ - pll < ||x - pll + a , V n € N, 
( d j lim^ |x_^  - pll exists. 
4.3 WEAK CONVERGENCE THEOREMS 
In this section, we establish some weak convergence and dual 
convergence theorems for nearly nonexpansive mappings in Banach 
spaces possessing different geometric structures. 
THEOREM 4,3.1. Let X be a Banach space which satisfies Opial's 
condition, D a weakly compact subset of X and let T and (x^} be as in 
Lemma 4.2.2. Suppose that T has a fixed point, I - T is demiclosed at 
zero and {x }^ is an approxmiatmg fixed point sequence for T, i.e. 
lira_^ _^ ^ ||x^ - Txjl = 0. Then {x^ } converges weakly to a fixed point of T. 
PROOF. First, we show that co^(xJ a F(T). Let x^  -> x weakly. By 
assumption,we have lim llx -Tx 11 = 0. Since I - T is demiclosed 
" ' n->oc " n nil 
(Definition 1.6.6) at zero, x e F(T). By Opial's condition {xj possesses 
only one weak hmit point, i.e. {xJ converges weakly to a fixed point of T. 
THEOREM 4, 3.2. Let X be a Banach space which satisfies Opial's 
condition, D a weakly compact subset of X and let T and (x^} be as in 
Lemma 4.2.2. Suppose that T has a fixed point, I-T is demiclosed at 
zero and {x^ } is an approximating fixed point sequence for T. Then 
{x }^ converges weakly to a fixed point of T. 
REMARK 4.3.3. Theorem 4.3.1 extends and improves Theorem 2 of 
Deng [24] for nearly nonexpansive mappings whereas Theorem 4.3.2 
extends and improves Theorem 2.1 of Schu [115]. 
REMARK 4.3.4. The above results do not apply to LP spaces if 
1< p 9i 2 since none of these spaces safisfy Opial's condifion (cf [82]). 
Now, we prove dual and weak convergence theorems for the 
Ishikawa and Mann iteration processes in reflexive Banach spaces 
equipped with uniformly Gateaux differentiable norms. 
THEOREM 4.3.5. Let X be a reflexive Banach space with uniformly 
Gateaux differentiable norai. Assume that every weakly compact convex 
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subset of X has fixed point property for nearly nonexpansive mappings. 
Let T : X -^ X be a nearly nonexpansive mapping with sequence {a^ } 
such that Z"^  , a < cc and let T has a fixed point. If la } be a real 
n = l n '• "• n-' 
sequence in [0,1] and {x^ } the Mann iterative sequence in X defined by 
(4.2.3.1). Then 
( e j there exists a point v e F(T) such that J(x^ -^ v) weakly almost 
convergent to zero, 
(f^ ) if x_^ - x_^ j^-> 0 as n -^ oc and J"' : X* -> X is weakly sequentially 
continuous at zero, then {x^ } converges weakly to v £ F(T). 
REMARK 4.3.6. For nonexpansive and asymptotically nonexpansive 
mappings defined on closed convex bounded subset D of X, the weak 
convergence of the sequence {xj in Theorems 4.3.2 and 4.3.5 were 
known (cf. [24, 103, 124, 125, 131]) in a uniformly convex Banach 
space with a Frechet differentiable norm or with Opial's condition. 
4.4 STRONG CONVERGENCE THEOREMS 
In this section, we give necessary and sufficient conditions for 
strong convergence of Mann and Ishikawa iterative sequences to fixed 
points of nearly nonexpansive mappings. 
THEOREM 4.4.1. Let D be a closed subset of a Banach space, 
T : D^-D a nearly nonexpansive mappings with sequence {a^ } such 
that E'^ ^^ i a^ <cc and let F(T) be nonempty closed set. Given two real 
sequences {a^} and {^J in [0,1] and the Ishikawa iterative sequences 
{x }^ in D defined by (I). Then {xj converges strongly to a fixed point 
of T if and only if lim^ inf^  d(x_ ,^F(T)) = 0. 
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PROOF. The necessity of the condition is obvious. We will only prove 
the sufficiency. From Lemma 4.2.2 (a j , we have 
jjx^ -pll < | | x , -pjl + 2a^ , 
' ' n+m t^ii ii n+m-1 ^" n+m-) 
< llx^ - pll + 2(a^ + a^ ,) 
II n+m-2 ^ '1 "^  n+m-2 n+m-K 
< 
n+m-1 
< llx - p(| + 2 1 . a., 
11 n f i i •'-^1=11 1 ' 
implies 
n+m-1 
d(x,,„,, F(T)) < d(x„,F(T)) + 2Z,.,, a, (4.4.1.1) 
Since lim mf^  d(x ,^ F(T)) = 0 and Z"'^ ,^ \ < ^, it follows from (4.4.1.1) 
that lim sup_,^  d(x_^ ,^ F(T)) < Iim_, inf_^  d(x^, F(T)) = 0. Thus, 
lim^ ^ d(x^ ,^ F(T)) = 0. For each s > 0, there exists a natural number n^  
such that 
d(x^,F(T)) < s/3, Vn>n, . 
Then there exists a p' e F(T) such that d(x^,p') < 8/2, Vn > n .^ For n, 
m > n ,^ we have 
d(x„,xj < d(x„,p') + d(p',xj 
< 8/2 + 8/2 = 8, Vn, m > n .^ 
This shows that {xj is a Cauchy sequence in D. Let lim^ x^  = v G D. 
Since F(T) c D is closed. Therefore, from lim^ d(x_ ,^F(T)) = 0, we 
conclude that v e F(T). This completes the proof. 
THEOREM 4.4.2. Let D be a closed subset of a Banach space, 
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T : D -> D a nearly nonexpansive mapping with sequence {a^ } such 
that Z°^ „=i \ '^ ^ and let F(T) be nonempty closed set. Given a real 
sequence {a^ } in [0,1] and the Mann iterative sequence {x_^ } in D defined 
by (M). Then ( x j converges strongly to a fixed point of T if and only 
ifUm^mf d(x_^ , F(T)) = 0. 
REMARK 4.4.3. Theorems 4,4.1 and 4.4.2 extend corresponding 
results of Ghosh and Debnath [35], Petryshyn and Williamson [97] and 
Qihou [102] to quasi-nonexpansive or asymptotically quasi-non-
expansive mappings. 
4.5 A RHOADES TYPE THEOREM 
The Mann iterative process {xj associated with a self- mapping 
T of a normed space X is described as 
X ,^ = (1 - c )x + c Tx 
n+l V n^ n n n 
for x„ G X and n > 0 where (c } satisfies the conditions 
0 I n - ' 
(84) Co = 1 , 
(h j 0 < c „ < l and 
( i j Ec^ diverges. 
Using Mann iterative process, Rhoades [105] proved the following 
generalization of a theorem of Pal and Maiti [83]. 
THEOREM 4.5.1. [105] Let T be a self mappmg of a Banach space 
X such that 
||x - Tx|| + ||y - Tyll < a ||x - y||, (4.5.1.1) 
for all x,y e X with 1 < a < 2. Let (xJ be a sequence of Mann iterates 
associated with T with {cj satisfying (g^U\) and (i/) Um ^^ ^ c^  = h > 0 
(instead of (i^)). If {xJ converges then it converges to a fixed point of T. 
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Ghosh [34] noticed that the requirement of the convergence of 
{xj in Theorem 4.5.1 is unnecessary and is a consequence of the 
condition (4.5.1.1). Khan and Imdad [71] extended Theorem 4.5.1 to a 
pair of mappings. The intent of this section is to present a Rhoades 
(cf [105]) type theorem which applies to certain instances not included 
by Theorem 4.5.1. While deriving our result, we utilize the notions of 
'compatiblity' and 'reciprocal continuity' which are mentioned briefly in 
Chapter 1 (Definitions 1.5.3 and 1.7.4 respectively). 
We begin by noting that 
||Gx - Tx|| + ||Gy - Tyll < a ||Gx - Gyll, l < a < 2 (4.5.1.2) 
miplies that 
2V(||Gx -Tx||.||Gy-Ty||) < ||Gx-Tx|| + ||Gy -Ty|| < a i|Gx - Gy||. (4.5.1.3) 
The result in this section is motivated by the observation that mappings 
satisfying the inequality 
A/(||GX - Tx||.||Gy - Ty||) < a||Gx - Gy|| < ||Gx - Tx|| + ||Gy - Ty|| 
fails to satisfy (4.5.1.3) which can also be written as 
||Gx - Tx||.||Gy - Tyll < k ||Gx - GylP, (4.5.1.4) 
where 1/4 < k < 1. 
The following example supports our view point. 
EXAMPLE 4.5.2. Let X = {x,y} be a set with any metric d on X. 
Define T, G : X -> X as Tx = y, Ty = x and Gx = Gy = y. Then 
0 = 2 Vd(Gx,Tx).d(Gy,Ty) = a d(Gx,Gy) < d(Gx,Gy) 
= d(GxJx) + d(Gy, Ty) 
but 
0 = 2 Vd(Gx,Tx).d(Gy,Ty) < d(x,y) 
= d(Gx,Tx) + d(Gy, Ty) < 0 = a d(Gx,Gy) 
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yielding thereby d(x,y) = 0 or x = y which is a contradiction. 
Thus it seems worthwhile to prove a theorem of Rhoades [105] type 
satisfying condition (4.5.1.4). 
THEOREM 4.5.3. Let G and T be self- mappings of a normed spaces 
X satisfymg the mequality (4.5.1.4) with 1/4 < k < 1. If G(X) be a 
complete subspace of X, then the sequence {Gx_J defined by 
Gx ,^ = (1 - c )Gx + c Tx 
n+l ^ n^ 11 n n 
converges to p where {cj enjoyes the properties of Theorem 4.5.1. 
Also if the pair (G,T) is compatible and reciprocally continuous, then p 
is a coincidence point of G and T, Moreover p remains a common 
fixed pomt of G and T provided G p^ = Gp. 
PROOF. For any n > 0 consider 
IIGx ,^ - Gx II ||Gx - Gx ,11 = c c , ||Gx - Tx || jjGx , - Tx ,|| 
II 11+1 nil II n 11-111 n n-l n n nH 'i ii-l n - i n 
< k IJGx - Gx ,|P 
II n n-l 11 
which successively yields that 
||Gx , - Gx ||< k" ||Gx, - GxJI". 
II n+i n'l II 1 Oil 
Thus {Gx^} is a Cauchy sequence in G(X) and gets a limit p in G(X). 
Now consider 
||Tx - PII < IJTx - Gx II + ||Gx - p|| 
II n ^'' 'I n ni ' '' n t'\[ 
= (1/c )||Gx , - Gx II + i|Gx - pjl 
V n^ii n-l n ' ' '' n ' H 
which implies that Tx_^  -^ p as n -^ cc. 
Since lim^ ^ ^ Tx_^  = p and the maps T and G are reciprocally 
continuous therefore lim TGx = Tp and lim GTx = Gp. 
n - > < x n ^ n - > o c n ^ 
Compatibility of (G,T) yields 
lim_^ _^ ^ d(GTx^,TGxJ = 0, i.e. d(Gp,Tp) = 0. Hence Gp = Tp = 
p'. Since compatibility unplies commutativity at coincidence points. 
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therefore 
IIGp- - Tp'll = IIGTp - TGpll = 0 
yielding thereby Gp' = Tp'. Thus 
Tp' = Gp' = G(Gp) = Gp - p' 
so that p' = Gp = Tp is a common fixed point of G and T. This 
completes the proof 
By setting G identity map, we get the followmg : 
COROLLARY 4.5.4, Theorem 4.5.1 remains true if one replaces 
condition (4.5.1.1) by 
||x - Tx|| II X - Tyll < k Ijx - y|p 
where 1/4 < k < 1, retaining the rest of the hypotheses. 
REMARKS 4.5.5. Theorem 4.5.3 can also be proved under a more 
general condition 
||Gx - Tx|| ||Gy - Tyll < k ||Gx - Gy|p + PIJGx - Ty|| jjGx - Tx|| 
where k and b are required to be restricted suitably. 
( j j As noted in Ghosh [34], one need not assume convergence of 
{GxJ but it is a consequences of the condition (4.5.1.4). 
(k j If (dJGx - Tx|| + ||Gy - Ty\\)/2y < k ||Gx - Gy|P, then 
Theorem 4.5.3 presents a sharpened version of Theorem 2 of Khan and 
Imdad [71] as it involves compatibility instead of commutativity. 
•k-kiii::k 
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5.1 INTRODUCTION 
The study of fixed point theorems for non-self mappings in 
metrically convex spaces was initiated by Assad and Kirk [6] which 
proved productive as metrically convex metric spaces offer a natural 
setting for proving such results. In recent years, this technique has been 
exploited by many authors and by now there exists considerable literature 
on this topic. To mention a few, we cite the papers of Assad [5], Khan 
[67], Rhoades [106,109], Som and Mukherjee [123] and others. 
Boyd and Wong [10] proposed an interesting generalization of 
Banach contraction principle which has been generalized and improved 
by several researchers in various ways whose details are not relevant to 
the present context. Recently Zaheer and Abdalla [130] attempted to 
prove Boyd and Wong type fixed point theorems in complete 
metrically convex spaces for a pair of non-self mappings employing 
the weak commutativity conditions due to Hadzic and Gajic [41] and 
Hadzic [40] (i.e. Chapter 1: Definitions 1.5.10 and 1.5.9 respectively). 
In this chapter we prove fixed point theorems for two pairs of 
non-self mappings in a slightly different setting. Here, we adopt the 
definitions of 'R-weak commutativity' (cf. [84]) and 'coincidentally 
commuting' property (cf. [59]) to non-self setting (see Chapter 1 : 
Definitions 1.5.11 & 1.5.12 respectively) and exploit the same for proving 
our results besides relaxing the continuity requirement completely. 
Section 5.2 of this chapter, presents fixed point theorems in 
complete metrically convex spaces employing the Boyd and Wong [10] 
type contraction condition which partially generalize and corollaries 
variants of several earher known results e.g [5, 67, 106, 109]. 
Section 5.3 furnishes two examples wliich establishes tlie utility of our 
results over earlier ones. 
5.2 RESULTS IN COMPLETE METRICALLY CONVEX SPACES 
As mentioned earlier here we propose yet another generaUzation to tiie 
tlieorem of Boyd and Wong ([10, Tlieorem 2]). While proving our results 
we relax the continuity requirement completely and limit the 
'commutativity' requirement to merely coincident points besides 
increasing the number of involved maps from 'two' to 'four'. In doing 
so we are motivated by the result of Zaheer and Abdalla [130, Theorem 
3.1] which runs as follows : 
THEOREM 5.2.1. [130] Let (X,d) be a complete, metrically convex 
metric space, K a nonempty closed subset of X and F, T : K -> X 
satisfying the inequality 
d(Fx,Fy) < vi/(d(Tx,Ty)) (5.2.1.1) 
for all x,y in X, v)/ e (|) (v^  denotes the set of mappings). Suppose that 
(33) dK Q T(K), FK n K c T(K) 
(b3) Tx e aK => Fx e K, 
(Cj) F and T are weakly commuting, 
(dj) T is continuous at K, 
tlien there exists a unique common fixed point z in K such that z = Tz = Fz. 
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Now, we state and prove our main result. 
THEOREM 5.2.2. Let (X,d) be a complete metrically convex metric 
space, K a nonempty closed subset of X and F,G,S,T: K-^X such that 
d(Fx,Gy) < g(d(Tx,Sy)) (5.2.2.1) 
for all x,y in X, g e H. (H denotes the set of all real-valued functions 
g:[0,oc)->[0,cc) such that g is non-decreasing right continuous and 
g(t) < t for every t > 0). 
Suppose that 
(e^) aK c: SK n TK, FK n K c SK, GK n K c: TK, 
(fj) TxeaK => Fx GK, SX e 5 K =:^  GX e K, 
(gj) either TK and SK or FK and GK are closed subspace of X. Then 
(hj) (F,T) has a pomt of coincidence, 
(i^ ) (G,S) has a point of coincidence. 
Further if the pairs (F,T) and (G,S) are coincidentally commuting, 
then F, G, S and T have a unique common fixed point. 
PROOF. First of all, we proceed to construct the sequences {x^ } and 
{y^} in the following way. 
Let X e dK. Since 5K c TK there exists a point x^  e K such that 
x = TXQ. From the implication Tx G 5K =^ Fx e K, we conclude that 
FXQ G K n TK C: SK. Let x^  G K be such that yj = Sx, = Fx^ G K. 
Since yj= Fx^, there exists a point y^  = GXj such that d(yj,y2) = 
d(FxQ,Gx,). 
Suppose y 2 G K, then y2G K n G(K) c T(K) which implies that 
there exists a point p e^K such that 
d(Sx^,p) + d(p,y2) = d(Sx^,y2). 
Since p e dK cTK, tliere exists a point X^G K such that p = Tx^  and so 
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d(Sx„Tx,) + d(Tx,,y,) = d(Sx„y,). 
Let y^  = FX2 be such that d(y2,y3) = d(GXj,Fx2). 
Repeating the above arguments, one obtains two sequences {x^} and 
{yj such that 
Cis) y2n=Gx2„.,,y2„,, = Fx,„, 
(^ 5^) y2„e K .^ y^ ,, = Tx^ ,, or y^ ^ ^K =^ Tx^ ^ E 5 K and 
d(Sx,,,.,,TxJ + d(Tx2_^,yJ = d(Sx2,^„yJ, 
(U y2„.ieK, y,,^ ,^  - Sx^ ^^ , or y,„,^^K, Sx^^^^eaK 
and d(Tx2 ,^Sx2,,,,) + dCSx^ ^^ ^^ y^ ,,^ ,) = d(Tx^^^,y^^^J, 
(^5) d(y,^.,,yj = diGx^^^^,¥x^J and 
d(y2n'y2„..) = d(Fx,,^ , Gx^^J. 
We denote 
P, ={Tx^.^e { T x J ; T x , . ^ y J , 
Qo= (Sx^i^.e {Sx,„,J: Sx ;^,, ^y^i. ,}, 
Q,= (Sx^ ^^ e^ (Sx^^^J: Sx,.^ ^ ^y^^J. 
First we notice that (Tx2^ ,Sx2_^ j^) ^ P^  x Qj and (Sx^ ^^  j,Tx2j ^ Q, x Pj. 
Next if Tx^ ^^ e Pj then y^ ^ ^ Tx^^ and we have Tx^ ^ edK which imphes 
that y^^^^ = Fx^ ^ eK. Hence y^^^^ = 'S^ 2n+i^  Qo- Similarly one can infer 
that (Sx,„,„TxJ ^Q^xP^ . 
In what follows we write d^ ^ = d(Tx^^,Sx^^^) and d^ ^ ^ = d(Tx2„,Sx2^  j). 
Now we distinguish the following cases: 
CASE 1. If (Tx2„,Sx,„,,) e P^x Q„, then 
2^^  = d(Tx2„,Sx2„ j^) = d(y2„,y,„,^ ) = d(Fx2„,Gx,„J 
< g(d(Tx,„,Sx,„J) = g(d,J. 
Similarly if (Sx ,^, ^ ,1X2^ e Q^x P ,^ then one gets 
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d,„., = d(Sx,„.„Tx,J = d(y,„,,y,„) = d(Fx,„.„Gx,„J 
< g(d(Tx,„.,,Sx,^J) = g ( d , J . 
CASE 2. If (Tx2„,Sx2„^ ,) e PQX Q^, then by (iii), we have 
d(Tx2„,Sx,„^ )^ < d(Tx,„,Sx2„^,) + d(Sx2„^„y2„ ,^) 
= d(Tx2,,,y2„,,) = d(y2„,y2„,,) 
and it follows from Case 1 that 
d,„ = d(Tx,„Sx,.J < g(d(Tx,„Sx,„_,)) = g(d,„,). 
Similarly if (8X2^ 1^,1X2J GQ, x P ,^ then 
d.„-, = d(Sx,.,,TxJ < g(d(Tx,„.,.Sx,„.,)) = g(d,J^ 
CASE 3. If (Tx,„,Sx,,„) e P, x Q„, then Sx,„, = y,„,. 
Hence proceeding as in Case 1, we have 
d2„=d(Tx2,,,Sx2„,,) = d(Tx2,„y2„„) 
^ ^(Tx^^j^J + d(y2„,y2n..) 
< d(Tx2,.,yJ + g(d(Tx,,Sx2„,)) 
< d(y2„TxJ + d(Tx2„,Sx2„,) 
= d(y2n.y2n-l) 
< g(d(TX2„,,SX2„,)) = g(d2„,) 
Thus in any case 
, . g(d..,) 
d < { g(d.J. 
Note that for n = 1, we have d, < g(dQ) whereas for n = 2 we have 
d^  < g(d,) or d^  < g(dg). Now from the relation dj < g(dQ) < d^  and on 
account of the fact that g is non-decreasing, we observe that 
g(d,) < g^(d,) < g(d,). 
Thus max{g(dQ) , g(d,) } = g(dQ) and in any case we have d2 < gCd^ ) 
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thereby inductively one obtains 
d„.. ^ g"(do) 
which due to Lemma 2.2.1(cf. [120]) gives us lim„^^ d^ ^^  = 0. Thus 
{zj is a Cauchy sequence where z^^ = Tx^ ^ and z^ ^^ j^ = Sx^^ j^, and 
there exists at least one subsequence {Tx^ ^^  } or {Sx^ ^^  ^J which is 
contained in P^  or Q^  respectively. 
First we suppose that there exists a subsequence {Tx^ ^ } which is 
contained in P^  and TK and SK are closed subspaces of X. Since 
{Tx2^  } is Cauchy sequence in TK, it converges to a point u e TK. Let 
V e T"'u then u = Tv. Smce {Sx^ ^^  ^ ,} is a subsequence of the Cauchy 
sequence {zJ, {Sx^^ ^J also converges to u. Using (5.2.2.1), one gets 
d(Fv,Tx2„ )^ = d(Fv,Gx2,^ _^,) 
< g(d(Tv,Sx,,^J) 
which on letting n ^cc, reduces to 
d(Fv,u) < g(d(u,u)) = 0 
yielding thereby Fv = u =Tv which shows that v is a comcident 
pomt of the pair (F,T). 
Since the Cauchy sequence (z^J converges to u eK and u = Fv, 
u e FK n K c SK, there exists a point w eK such that Sw = u. Using 
(5.2.2.1) again, one gets 
d(Sw,Gw) = d(Tv,Gw) = d(Fv,Gw) 
< g(d(Tv,Sw)) = g(d(u,u)) = 0 
implying thereby Sw = Gw which shows that w is a coincident point 
of the pair (G,S). 
Since the pairs (T,F) and (S,G) are coincidentally commuting at v 
and w respectively therefore one can have 
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u = Tv = Fv = Sw = Gw, 
Fu = TFv = FTv = Tu, 
and Su = SGw = GSw = Gu. 
To prove that u is a fixed point of F, let Fu ?^  u then 
d(Fu,u) = d(Fu,Gw) < g(d(Tu,Sw)) < d(Fu,u) 
which shows that u is a fixed point of F and T. Similarly it can also be 
shown that u is a fixed point of G and S. Thus u is a common fixed 
point of F, G, S and T. 
The uniqueness of the common fixed point follows easily. 
By setting F = G in Theorem 5.2.2, we deduce a corollary involving 
three mappings which is new to the hterature and can be stated as follows: 
COROLLARY 5.2.3. Let X, K, F, S and T be the same as m 
Theorem 5.2.2 such that 
d(Fx,Fy) < g(d(Tx,Sy)) 
for all x,y in X and g e H. Suppose that 
(n j dKczSKn TK, FK n K c SK nTK, 
(03) Tx, Sx eaK =:> Fx GK, 
(p^) either TK and SK or FK are closed subspaces of X. 
Then (F,T) and (G,T) has a point of coincidence. Moreover, if the pairs 
(F,T) and (F,S) are coincidentally commuting, then F, T and S have a 
unique common fixed point. 
REMARK 5.2.4. By setting g(t) = ht, h e (0,1), one gets an extension 
of the theorem of Fisher [29] for coincidentally commuting non-self 
mappings in complete metrically convex metric spaces. 
By setting S = T, one deduces a corollary involving three mappings 
which appears to be new in the literature and runs as follows : 
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COROLLARY 5.2.5. Let X, K, F, G, T and H be the same as in 
Theorem 5.2,2 such that 
d(Fx,Gy) < g(d(Tx,Ty)) 
for all x,y in X and g e H. Suppose that 
(q3) dK d TK, (FK u GK) n K c: TK, 
(r^) Tx e aK => Fx, Gx e K, 
(Sj) either TK or FK and GK are closed subspaces of X. 
Then F, G and T have a common coincident point. Moreover, if (F,T) 
and (G,T) are coincidentally commuting, then F,G and T have a unique 
common fixed pomt. 
By restricting F = G and S = T in Theorem 5.2.2, one can deduce 
a substantially improved version of [130, Theorem 3.1] which is as 
follows : 
COROLLARY 5.2.6. Let X, K, F, T and H be the same as m 
Theorem 5.2.2 such that 
d(Fx,Fy) < g(d(Tx,Ty)) 
for all X, y in X and g e H. Suppose that 
(t^) dK c TK, FK n K c TK, 
(U3) Tx G aK =:> Fx G K, 
(Vj) either TK or FK is a closed subspace of X. 
Then F and T have a common point of coincidence. Moreover, if (F,T) is 
coincidentally commuting, then F and T have a unique common fixed point. 
REMARK 5.2.7. Corollary 5.2.6 presents a substantially improved 
version of [130, Theorem 3.1] wherein the assumption 'FK a TK' should 
be corrected to 'FK n K c TK' . Notice that F in the absence of this 
correction will be a self-map of K if T is restricted to be the identity 
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map on K. Also, we never need the continuity of any involve^'tnap as 
required in [130] besides restricting commutativity requirements at 
coincident points of the pairs on the cost of closedness of TK (or FK). 
In an attempt to generalize Theorem 3.2 of Zaheer and Abdalla 
[130], we adopt the notion of pointwise R-weak commutativity to non-
self setting which is indeed more general than 'compatibility'. Besides 
this we employ two pairs of mappings instead of one. 
THEOREM 5.2.8. Let (X,d) be a complete metrically convex metric 
space, K a nonempty closed subset and F, G, S, T : K -> X such that 
(5.2.2.1), (e )^ and (f^ ) are satisfied. Suppose that 
(w^) (T,F) and (G,S) are pomtwise R-weakly commuting pairs, 
(Xj) maps T, F, S and G are continuous on K. 
Then T, F, S and G have a unique common fixed point. 
PROOF. Proceeding as in the proof of Theorem 5.2.2, we assume 
that there exists a subsequence (Tx^ ^^  } which is contained in P .^ Further 
subsequences {Tx2^  } and {Sx^ ^ ,^} both converges to z G K as K is a 
closed subset of complete metric space (X,d). 
Since Tx^ ^ = Gx^ ^^  ^ and Sx^ ^ ^ e K, the pointwise R-weak commuta-
tivity of (G,S) implies 
d(SGx^,,GSx,^,) < R,d(Gx,.^,,Sx,^_,) (5.2.8.1) 
for some Rj > 0. Also, 
d(SGx,„^.,,Gz) < d(SGx,„^,,GSx2„^J + d(GSx,„^.,Gz). 
(5.2.8.2) 
Making k ^oc in (5.2.8.1) and (5.2.8.2) and using continuity of G and 
S, we get d(Sz,Gz) < 0 yielding thereby Sz = Gz. Since S^ ^ ^ j = FXj^  and 
TXj^  eK, the pointwise R-weak commutativity of (F,T) implies 
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for some R2> 0. Therefore, as previously, the continuity of T and F imphes 
d(Tz,Fz) < 0 and thereby gives Tz = Fz. 
If we assume that there exists a subsequence (8X2^  ^ ,} contained in 
Qp, then analogous argument establishes the earlier conclusions. 
The rest of the proof is identical to that of Theorem 5.2.2 after noting 
that at coincident points the notion of pointwise R-weak commutativity 
and coincidentally commuting property are equivalent, hence it is omitted. 
REMARK 5.2.9. It will be interesting to explore the possibility of any 
improvement in the continuity requirement of Theorem 5.2.3. 
REMARK 5.2.10. As every Banach space is metrically convex, the result 
of this note hold good for Banach spaces. 
Inspired by the observations that in this setting every non-self mapping 
can always be realized as composition of a self - mapping with a non-self 
mapping, one can have the following : 
COROLLARY 5.2.IL Let B, J, I, T : K -^ K , A : B(K) -^ X, 
G ; J(K) -> X, S : T(K) -^ X and F ; I(K) -> X so that AB, G], ST and FI 
are non - self mappings from K to X which satisfies the condition 
d(ABx, STy) < v|; d(FIx,GJy) 
for all x, y e K and (j) e v|/. Suppose that 
(y^) dK (= FIK n STK, ABK n K c FIK, GJK n K c STK, 
(Z3) STx e dK=> Fix e K, STx e dK ^ GJx e K, 
(33') either STK and FIK or ABK and GJK are closed subspace of X. 
Then 
(bj') (AB,ST) has a point of coincidence, 
(c '^) (GJ,FI) has a point of coincidence. 
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Further if the pairs (AB,ST) and (GJ,FI) are coincidentally 
commuting, then AB, ST, GJ and FI have a unique common fixed point 
z. Moreover, if the pairs (A,B), (AB,B), (S,T), (ST,T), (AB,S), (AB,T), 
(ST,A), (ST,B), (G,J), (GJ,J), (FI,I), (GJ, F), (GJ,I), (FI,G) and (FI,J) 
commute at z, then z remains the common fixed point of A, B, S, T, F, 
I, G and J. 
PROOF. Since all the conditions of the Theorem 5.2.2 are satisfied therefore 
AB, ST, FI and GJ have a unique common fixed point. Now as earher 
using the coimnutativity of various pairs this unique common fixed point 
of AB, ST, FI and GJ also remains the unique common fixed point of A, 
B, S, T, G, J, F and I. 
5.3 ILLUSTRATIVE EXAMPLES 
In this section, we furnish two examples. The first one demonstrates 
the validity of the hypotheses of Theorem 5.2.2 whereas second one 
demonstrates the validity of the hypotheses of Theorem 5.2.8 besides 
establishing the utility of Theorem 5.2.2 over Theorem 5.2.1. 
Our first example exhibiting the validity of the hypotheses of 
Theorem 5.2.2 is as follows : 
EXAMPLE 5.3.1. Let X be the set of reals equipped with EucHdean 
metric and K = {-3} u [0,1]. Define the mappings 
-3x, x e [0,1] ^ _r -3 .1x , x e [0,1] 
^-(r :^ -^3'^  ---{; 1, x = -3 ' U , x = - 3 . 
. -x/2, X E [0,1) . -x/4, X e [0, 3/3.1] 
^""^ I 0, X G { - 3 , 1 } , ^ n d G x = | o , x e { - 3 } u {3/3.1,1}. 
It IS straight forward to note that TK = [-3,0] u {1}, SK = [-3.1,0] u {1} 
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and aK = {-3,0,1} cz T(K) n SK. Furtheraiore 
FK = (-1/2,0] => K n FK = {0} c: SK, 
Also 
GK = (1/2,0] => K n GK = {0} cz TK. 
Tl = -3 edK ^ Fl = {0} c K, 
TO = 0 edK =i> FO = {0} c K, -
T(-3) =\edK^ F(-3) - {0} cz K, 
whereas 
S(3/3.1) = -3 G SK ^  G(3/3.1) = {0} c K, 
S(0) = 0 edK=> G(0) = {0} cz K, 
S(-3) =\ edK^ G(-3) = {0}c K. 
Note that TO - FO and SO = GO. Also the pairs (T,F) and (G,S) 
commute at their common point of coincidence. By a routine calculation 
we can verify that d(Fx,Gy) < g(d(Tx,Sy)) for all x,y in K where we 
choose g(t) = t(2+t)/(3+t). As mentioned in [130], any function g(t) = t f(t) 
where f(t) < 1, (t e[0,cc )) may serve tlie purpose. 
Note that 0 = TO = FO = GO = SO. 
Our next example, though adopted to demonstrate the validity of the 
hypotheses of Theorem 5.2.8, also establishes the genuineness of 
Theorem 5.2.2 over Theorem 5.2.1. 
EXAMPLE 5.3.2. Let X =[l,oc) with EucHdean metric d, K= [1,3], 
F, G, S, T : K -> X be defined by Tx = 2x'- 1, Sx = 2x^- 1, Fx = x^  , 
Gx = x^  for x> 1. Note that TK=[1,161], SK = [1,1457] and aK= {1,3} 
cz TK n SK. Furthermore 
FK = [1,9] z^ K n FK = [1,3] c SK, 
GK = [1,27] ^ K n GK = [1,3] c TK. 
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Now 
Tl = l eSK^^Fl = l6 K, 
SI = ledK=>Gl = l e K, 
whereas T3 ^ dK and S3 ^ aK. 
Note that all the four maps F, G, S and T are continuous whereas the 
pairs (F,T) and (G,S) are pointwise R-weakly commuting pairs. 
Moreover, 
d(Fx,Gy) = \x' - f\ = i\x' - y l^jx^ + y l^Vdx^ + y |^) <(l/4)(2|x^ - y'^ l) 
for all x,y eK. Thus condition (5.2.2.1) is satisfied if we choose g(t) = t/4. 
Note that '1' is tlie unique common fixed point of T,S,F and G. 
Here we must point out that Theorem 3.1 of Zaheer and Abdalla 
[130] can not be used in the context of this example because the pairs 
(F,T) and (G,S) are not weakly commuting ( cf. [40, 41]). Otherwise 
for X = V^' 
d(FTx,TFx) = 2 > 5 - V^^ = d(Tx,Fx) 
whereas for y = 2'^ *^  
d(FGy,GFy) = 12 > 3 - V'^ = d(Sy,Gy). 
The idea of this example lies in the work of Kaneko and Sessa [61]. 
>t;<r 5V*:fe 
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MAPPINGS 
CHAPTER - 6 
RHOADES TYPE FIXED POINT THEOREMS 
FOR NON - SELF MAPPINGS 
6.1 INTRODUCTION 
There are many fixed point tiieorems for self-mappings of a closed 
subset K of a Banach space X. However, in many applications, the 
function involved is not a self - mapping of K, so it is of interest to 
investigate sufficient conditions for such flmctions ensuring the existence 
of fixed points. The fimctions which map K into X are called non-self 
maps. The study of such non - self maps was initiated by Assad and Kirk 
[6] and since then considerable progress has been already made in this 
area. The work of this kind can be seen in the papers of Assad and Kirk 
[6], Assad [5], Hadzic [40] and Rhoades [106,109]. 
In the present chapter, we discuss results involving metric convex 
space property. This chapter contains four sections. Section 6.1 presents 
a general introduction relevant to our discussion in this chapter. Section 
6.2 is devoted to the results on complete metric spaces for non-self 
settings. In this section we present a generalization to the Theorem 6.2.1 
due to Rhoades [106] besides presenting related results. In Section 6.3, 
we prove a theorem for compact spaces as an application of Theorem 
6.2.2. Section 6.4 furnishes two illustrative examples which especially 
demonstrate the validity of hypotheses and degree of generality of our 
The contents of this chapter are to appear in the Journal of 
Computers and Mathematics with Applications. 
results over Theorem 6.2.1 (due to Rlioades[106]). The first example 
estabhshes the genuineness of Theorem 6.2.2 over Theorem 6.2.1 whereas 
second one exhibits that tlie condition of coincidentally commuting property 
of the involved pair is necessary. 
In the sequel, we use the following : 
DEFINITION 6.1.1. Let X be a metric space, K a nonempty subset 
of X and F, T : K -^ X. If F and T satisfy the condition 
d(Fx,Fy) < h max{d(Tx,Ty)/2,d(Tx,Fx), d(Ty,Fy), 
[d(Tx,Fy) + d(Ty,Fx)]/q} (6.1.1.1) 
for all X, y in K, 0 < h < 1, q > 1+ 2h then F is called a generalized 
T - contractive mapping of K into X. If we also add h = 1 then we call 
F a generalized T - non-expansive mapping of K into X. 
6.2 RESULTS IN BANACH SPACES 
In the present section we generahze the theorem of Rhoades [106] 
which runs as follows : 
THEOREM 6.2.1. Let X be a Banach space, K a nonempty closed 
subset of X and T : K ^ X a mapping satisfying the condition 
d(Tx,Ty) < h max{d(x,y)/2,d(x,Tx), d(y,Ty),[d(x,Ty) + d(y,Tx)]/q} 
for all X, y m K, 0 < h < 1, q > 1 + 2h and T has the additional property 
that each x e 5K, the boundary of K, Tx e K, then T has a unique 
fixed point. 
In an attempt to generalize Theorem 6.2.1, we use the definitions of 
'coincidentally commuting mappings' and 'R-weakly commuting mappings' 
(see Definitions 1.5.12 and 1.5.11 respectively) to non-self setting to prove 
some common fixed point theorems on closed subsets of Banach spaces 
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which present generahzations to Theorem 6.2.1 of Rlioades [106]. 
Now, we state and prove our main result as follows : 
THEOREM 6.2.2. Let X be a Banach space, K a nonempty closed 
subset of X and F, T : K -> X such that F is a generalized T - contractive 
mapping of K into X and 
(a j dK c TK, FK n K c TK, 
(b^) Tx G aK =^ Fx e K 
( c j TK is closed in X. 
Then there exists a coincident point z in K. Moreover, if the pair 
(F,T) IS coincidentally commuting, then z remains a unique common 
fixed point of T and F. 
PROOF. First of all, we proceed to construct the sequences ( x j and 
{y^ } in the following way. 
Let X E dK then there exists a point x^  in K such that x = Tx^  as 
dK c TK. Since Tx^  e dK and Tx e 5K => Fx G K, we conclude that 
FXg e K n FK c: TK. Let Xj e K be such that yj = TXj = Fx^ G K. Let 
y^  = FX|. Suppose y^  e K, then y^ G K n FK c TK which implies that 
there exists a point x^  GK such that y^ = Tx .^ Suppose y2^ K then there 
exists a point p G5K such that 
d(Tx„p) + d(p,y,) = d(Tx„y,). 
Since p G5K c TK, there exists a point X^GK such that p = Tx^ thereby 
the above takes the form 
d(TXj,Tx2) + d(Tx2,y2) = d{Tx^j^). 
Let us put y3 = Fx .^ Repeating the foregoing arguments, one obtains 
two sequences {x^ } and {y^ } such that 
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(e,) y e K => y = Tx 
V 6^ -^  n -' n n 
(Q y^  ^ K=>Tx^ eSKand 
d(Tx„.^ ,TxJ + d(Tx„,y„) = d(Tx„.,,y„). 
We denote 
P={Tx, e {TxJ:Tx^ = y,} 
Q={Tx^E (TxJ:Tx,^yJ.-
Obviously two consecutive terms can not lie in Q. 
Now, we distinguish three cases. 
CASE 1. If Tx, Tx^.e P, then 
n' n+1 ' 
d(Tx„,Tx„,,) = d(y„,y„,,) = d(Fx„.^ ,FxJ 
< h max{d(Tx_^  j,TxJ/2, d(Tx,^ _,,TxJ, 
d(Tx„,Tx„,,), [d(Tx„,,Tx^,.) + d(Tx ,^Tx„)]/q} 
< h d(Tx„,,Tx„). 
CASE 2. If Tx G P and Tx^,e Q, then 
n n+1 ^ ' 
d(Tx,Tx„J < d(Tx„,Tx„,,) + d(Tx„,^,y„,,) 
- d(Tx„,y„J = d(Fx„.„FxJ 
< h d(Tx„,,TxJ 
in veiw of Case 1. 
CASE 3. If Tx e Q and Tx ,,e P then Tx , G P. Since Tx is a 
n ^ n+1 n-1 n 
convex linear combination of Tx , and y , it follows 
n-l •' n ' 
d(Tx„,Tx„ ,^) < max {d(Tx .^,,Tx„ j^),d(y ,^Tx^ ,^)}. 
Now, if d(Tx„,Tx„,^ ) < d(y„,Tx„,j), then 
d(Tx„,Tx„,^ ) < d(y„,Tx„,^ ) = d(Fx„,,Fx„), 
< h max{d(Tx^_,,Tx„)/2 , d(Tx„_j,yJ, d(Tx ,^Tx„ ,^), 
[d(Tx„,,Tx„J + d(Tx„,yJ]/q}. 
Now by noting that 
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d(Tx„,,Tx„,) + d(Tx„,y„) < d(Tx .^^ ,Tx„) + d(Tx„,Tx„,,) + d(Tx„,yJ, 
< d(Tx„.,,y„) + d(Tx„,Tx„,,), 
one can conclude that 
d(Tx„,Tx„,,) < h d(Tx„.^,yJ < h^  .d(Tx„.,,Tx„J 
in view of Case 2. 
Otherwise if d(y,,,Tx^ ,^) < d(Tx^_,,Tx^ ,^) then 
d(Tx,Tx„,^) < d(Tx„_„Tx„,^) 
= d(Fx„_,,FxJ 
< h max{d(Tx,,_2'Tx„)/2 ,d(Tx^^_^,Tx^^J,d(Tx^J\J. 
[d(Tx„_„Tx,,,) + d(Tx„,Tx„_,)]/q} (5.2.2.1) 
in view of the fact 
d(Tx^_,,TxJ/2 < [d(Tx„_,,Tx„_,) + d(Tx„.„TxJ]/2, 
< max(d(Tx_^_2'Tx„_i),d(Tx,^_,,TxJ}. 
If the maximum of right hand side of (5.2.2.1) is 
[d(Tx^ _2,Tx_^ ,^) + d(Tx^,Tx^_,)]/q, then using the fact that 1+h < q-h and 
d(Tx„_„TxJ < d(Tx„_„y„) < h d(Tx„_,,Tx„_,), 
we can write 
d(Tx„_,Tx„,,) < h[d(Tx„_„Tx„_,) + d(Tx„_„Tx„J + d(Tx„,Tx„_,)/q], 
which reduces to 
d(Tx„_„Tx„„) < h{(l + h)/(q - h)}d(Tx„_,,Tx„_^), 
< hd(Tx„_,Jx„_,). 
Thus in all the cases 
d(Tx„,Tx^^,) < h max{d(Tx,^_2'Tx„_,),d(Tx^_,,TxJ). 
Now, following the procedure of Assad and Kirk [6], it can be easily 
shown by induction that for n > 1, 
d(Tx ,^Tx^ ,^) < h"^ 2 5^  where 5 = Ir'^ ^ max{d(TXg,Tx,),d(Tx,,Tx2)}. 
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Thus for m, n > N 
OC CC 
d(Tx„,Tx„) < Z d(Tx,Tx,,,) < 5 Z h'^ ^ , 
which shows that {Tx^} is a Cauchy sequence. 
First suppose that there exists a subsequence {Tx_^  } which is 
contained in P and TK a closed subspace of X. Since (Tx_^  } is Caucliy 
m TK, it converges to a point u G TK. Let ve T""'u, then u = Tv. Here 
one should note that (Fx^ J also converges to u. Using (6.1.1.1) we 
can write 
d(Fv,Fx„^_,) < h max{d(Tv,Tx,,^ _,)/2, d(Tv,Fv),d(Tx,^ ^_„Fx^^_ )^, 
[d(Tv,Fx,,^ _,) + d(Tx,^ ^_„Fv)]/q} 
which on making k -^cc, reduces to 
d(Fv,Tv) < h max{0,d(Tv,Fv),0,d(Tv,Fv)/q} 
yielding thereby Fv = Tv. This shows that v is a pomt of coincidence 
for F and T. 
Since the pair (F,T) is coincidentally commuting, therefore 
u = Tv = Fv => Fu = FTv = TFv = Tu. 
To prove that u is a fixed point of F, let on contrary that Fu ^ u, then 
d(Fu,u) = d(Fu,Fv) 
< h max{d(Fu,u)/2,0,0,[d(Fu,u) + d(Fu,u)]/q} 
which shows that u is a common fixed point of F and T. 
The uniqueness of common fixed point follows easily. This 
completes the proof 
Since on points of coincidence 'weak commutativity' implies 
commutativity, therefore we can state, 
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COROLLARY 6.2.3. Theorem 6.2.2 remains true if 'coincidentally 
commuting property' is replaced by 'weakly commuting property'. 
REMARK 6.2.4. Theorem 6.2.2 remains true if closedness of TK is 
substituted by the closeness of FK. Keeping in view the deduction of 
Theorem 6.2.1 from Theorem 6.2.2, the closedness of FK is not 
mentioned in the hypotheses. Note that for T = I^ ,^ Theorem 6.2.2 reduces 
to Theorem 6.2.1 (cf Rhoades [106]), 
THEOREM 6.2.5. Let (X,d) be a complete metrically convex metric 
space, K a nonempty closed subset, and F, T : K-^X such that F is 
generalized T-contractive of K into X satisfymg (a^ )^ and (b^). Suppose that 
(g j the pair (F,T) is pointwise R-weakly commuting, 
(h^) maps F and T are continuous on K. 
Then F and T have a unique common fixed point. 
PROOF. Proceeding as in the proof of Theorem 6.2.2, we suppose 
that there exists a subsequence {Tx_^  } which is contained in P. Further 
subsequence {Tx^  } converges to z e K as K is a closed subset of 
complete metric space (X,d). Since Tx ^ =Fx^ ^ _, and Tx^ _j e K, the 
pointwise R-weak commutativity of (F,T) implies 
^ ( F T v TFx.^_,) £ R d ( T v Fx„^ ,^) (6.2.5.1) 
for some R > 0. Also 
d(FTx„ ,^ Tz) < d(FTx„ ,^ TFx^^J + d(TFx„^.„ Tz). (6.2.5.2) 
Letting k^oc in (6.2.5.1) and (6.2.5.2) and using continuity of F and T, 
we get d(Tz, Fz) < 0 yielding thereby Tz = Fz. 
If we assume that there exists a subsequence (Tx^ } which is contained 
in Q, then analogous argument establishes the earlier conclusions. 
The rest of the proof is identical to that of Theorem 6.2.2 after 
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noting that at 'coincidence points' the notions of pointwise 'R-weak 
commutativity' and 'coincidentally commuting property' are equivalent, 
hence it is omitted. 
Since 'pointwise R-weak commutativiy' is more general then 
'compatibility', therefore we have 
COROLLARY 6.2.6. Theorem 6.2.2 remains true if 'pointwise 
R-weak commutativity' is replaced by 'compatibility'. 
REMARK 6.2,7. A comparison of Theorem 6.2.1 with Theorem 6.2.2 
suggests that the possibility of some improvement m the continuity 
requirements (of Theorem 6.2.2) be explored. Further note that for 
T = l^, one can not deduce Theorem 6.2.1 (cf. [106]), due to the 
additional requirement continuity of F. This also suggests the superiority 
of Theorem 6.2.2 over Theorem 6.2.1. 
6.3 A RESULT IN COMPACT SPACES 
As an application of our main result (i.e. Theorem 6.2.2) employing 
the notion of starshaped subset, we prove a theorem for generalized 
non-expansive mappings which runs as follows : 
THEOREM 6,3. L Let K be a nonempty weakly compact starshaped 
subset of a Banach space X and F a generahzed T-non-expansive mapping 
of K into X such that conditions (a^), (b )^ and (c^) of Theorem 6.2.2 are 
satisfied. If (I-F) is demiclosed and T is continuous then F and T have 
a common fixed point z in K provided the pair (F,T) is coincidentally 
commuting. 
PROOF. Let us choose p e K such that (l-t)p + tx e K for all x e K and 
all t e (0,1). Let us put k^  = 1-1/n (n = 2,3,4,...) and define F„: K -^ X by 
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F X = (1 -k )p + k Fx for all x G K. It is easy to verify that F^  is a generalized 
T-contractive mapping of K into X and F^  satisfy conditions (a^) (b^) 
and (Cg) of Theorem 6.2.2. Since weak topology is Hausdorff and K is 
weakly compact we can conclude that K is weakly closed and therefore 
strongly closed. Thus by Theorem 6.2.2, for each n > 2, F^ and T have 
a unique common fixed point, say z^ eK. Now, it follows that {z^ } has 
a weakly convergent subsequence and one can assume that {z^ } itself 
converges to z e K weakly. 
Since weakly convergent sequences are norm bounded, we 
conclude that {L^ is bounded which amounts to say that one can find a 
constant M > 0 such that || zj | < M for all n > 2. 
Thus for each n > 2, we have 
([-F)z, = z , - V ' [ F z , - ( l - k > ] 
= (I-k„- ' )z ,+ ( k „ - - l ) p 
and hence 
| |(I-F)zJ|<|k„-^-l|(M + ||p||). 
Since k_^~' -^ 1 as n -> oc, we can have (I - F)z -> 0 GK. Also z^->z G K 
and (I - F) is demiclosed, it follows that (I - F)z = 0 giving thereby Fz 
= z. Since for each n > 2, Tz = z and T is continuous, taking the limit as 
' n n •> tD 
n -^ oc, one obtains Tz = z. Thus we have shown that z = Tz = Fz . This 
completes the proof 
6.4 ILLUSTRATIVE EXAMPLES 
In what follows we furnish two examples demonstrating the validity 
of the hypotheses and degree of generality of our results over 
Theorem 6.2.1 of Rhoades [106]. The first of these examples establishes 
the genuineness of Theorem 6.2.2 over Theorem 6.2.1. 
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EXAMPLE 6.4.1. Consider X = [l,oc) with Euclidean metric d and 
K = [1, 3]. Define F, T : K ^ X as 
x\ l < x < 2 (-2x^-1, l < x < 2 
Fx = ^ and Tx = •{ 
2, 2 < x < 3 , W , 2 < x < 3 . < 
Clearly TK = [1,31] and aK= {1,3} c [1,31] = TK. Further, FK = [1,4] 
=^ K n FK = [1,3] c [1,31] = TK and Tl = 1 e aK =^ Fl = 1 e K 
whereas T3 = 7 ^ K. 
Note that the maps F and T are not continuous at x = 2 whereas 
the pair (F,T) is comcidentally commuting as FTl = 1 = TFl. 
Moreover, for x,ye(2,3] one can have d(Fx,Fy) = 0 = h *- ^' ^^ 
2 
whereas for x e[l,2] and ye(2,3], one can write 
|x2-2|jxH2| (2IXMJ) 
d(Fx,Fy)= |x2-2|= = 2 _ 
|xH2| |x2 +2| 
- (l/(x2+2))(d(Tx,Ty)/2), 
Finally for x,y e [1,2] 
jx^YI |x2+y2| 
d(Fx,Fy) = Ix -^y l^ = 
(2|x^-y1) 
|x^+y |^ |x^ +y |^ 
= (l/(x^+y^))(d(Tx,Ty)/2). 
Therefore condition (6.1.1.1) is satisfied if we choose 
h = max{l/(xH2),l/x^+y2)}. Also TK and FK are closed in X. Thus all 
the conditions of Theorem 6.2.2 are satisfied and 1 is the unique common 
fixed point of F and T. 
However Theorem 6.2.1 of Rhoades [106] can not be used in the 
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context of mapping F, otherwise for x,y e [1,2] one must gets 
d(Fx,Fy) = |x2- y^ l = (2|x + y|)(|x - y|)/2) > li(d(x,y)/2) 
because 2|x + y| > 4, which is indeed a contradiction. Note that 
1,3 6 SK ^ Fl = 1 e K and F3 = 2 G K. 
Here it is also interesting to note that the pair (F,T) is not weakly 
commuting pair (cf. [41]). Otherwise for x = 2'^ '' 
d(FTx,TFx) = 5 > 3 - 2"^ = d(Tx,Fx). 
Our next example is constructed to demonstrate the fact that the 
requirement of coincidentally commuting property of the pair (F,T) is 
necessary in Theorem 6.2.2. 
EXAMPLE 6.4.2. Consider the set of reals R equipped with Euclidean 
metric and K = (0} u {l/4"}"_^ ,^ u [1/4,1]. Define F,T : K -> R as 
rO, X G ( ] / 4 , 1 ) - { 1 / 2 } 
F(0) = l/4^ F(l/4") = 1/4-^ n = 0,1,2,..., ¥x= \^^^^ 
V. 1/4 , x = 1/2, 
^0 , xG(l /4, l )-{l /2} 
T(0) = 1/4, T(l/4") = 1/4-, n = 0,1,2,..., Tx = \^^^ ^ ^ ^^^ 
It is easy to note that both the maps F and T are not continuous at 
the origin. 
Furthermore, 
d(F0,Fl/2) = | 1/42- 1/4^ 1 = 0 , 
= 0 < 3/4(d(T0,Tl/4)/2), 
d(F0,Fl) =1 1/42-l/42| = 0 = < 3/4 .0 , 
d(F0,Fl/4) = 11/42-1/4^1 = 3/43 < 3/4(d(T0,Tl/4)/2), 
d(F0,Fl/42) = |l/42-l/4''| = 15/16 < 3/4(d(T0,Tl/42)/2), 
and so on. In general x = 1/2" and y = 1/2™ (n,m =0,1,2,....) we have 
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d(Fl/4",Fl/4'") = |l/4""2_i/4m+2| ^ i/4(|l/4""'-l/4'"^'|), 
< 3/4(d(Tl/4"Jl/4-)/2). 
Similarly for x,y e(l/4,l) - {1/2}, one can write 
d(Fx,Fy) = 0 < 3/4.0 = 3/4 (d(Tx,Ty)/2), 
whereas for x e (0,1) - {1/2} and y = 1/2 one can have 
d(Fx,Fl/2) = |0 - 1/4^ 1 < 3/4(d(|Tx,Tl/2|)) = 3/4(|0 - 1/4|). 
Lastly, x e(l/4,l) - {1/2} and y = 1/4" then 
d(Fx,Fy) = |0 - 1/4"-^ !^ < 3/4(|0-l/4"^'|/2). 
It IS easy to see that 5K ={0,1} u {l/^'T^^: = TK, and T(aK) = {1/4"} V r 
Also FK n K = {0} u {1/4"}"^ ^^ ^ ^K. Note that 
T((l/4,1) - {1/2}) = 0 G aK =^ F((l/4,1) - {1/2}) = 0 e K, 
T(0) =1/4 EdK^ F(l/4) = 1/4^  € K, 
T(l/2) = 1 e SK => F(l) = 1/4^  G K, 
and for all n, T(l/4") =1/4"^' e dK =^ F(l/4"^') = 1/4""^  G K. 
Clearly FK and TK are closed in X. Thus all the conditions of 
Theorem 6.2.2 are satisfied except coincidentally commuting property 
of (F,T) because for all XG(1/4,1) - {1/2}, Tx = Fx =^ FTx = FO = 1/4^  ^ 
1/4 = TO = TFx. 
Note that F and T have no common fixed point. 
* ; « : * * A 
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7.1 INTRODUCTION 
The study of non-self multivalued contractions can be traced 
back to Assad and Kirk [6] and Assad [5]. Itoh [51] extended the 
results presented in [5] and [6] for general type of contraction and 
contractive mappings. Khan [67] extended the results of Itoh [51] 
for a pair of multivalued generalized contractions and contractive 
mappings. In an attempt to prove hybrid fixed point theorems, 
Ahmad and Imdad [1,2] and Ahmad and Khan [3] proved several 
results on weakly commuting and compatible non-self generalized 
hybrid contractions in complete metrically convex metric spaces. 
However, we notice certain lapses in some recent hybrid fixed point 
theorems (cf. [1,2,3]). In this chapter, our main objective is to 
present modified and sharpened versions of these results under 
improved conditions. 
Let (X,d) be a metric space. Then, following Nadler [81], we 
recall 
(a.^ ) CB(X) = {A:A is nonempty closed and bounded subset of X}, 
(b.^ ) C(X) = {A : A is nonempty compact subset of X}. 
it 
The contents of this chapter are^appear in the Journal Radovi 
Matematicki.,Vol.lO(2) (2001). 
(c^) For non empty subsets A, B of X and x e X 
d(A,B) = inf{d(a,b): a e A, b e B}, 
d(x,B) = inf{d(x,b): b e B} 
and H(A,B) = max({sup d(a,B): a e A},(sup d(A,b): b e B}). 
It is well known (cf. Kuratowski [65]) that CB(X) is a metric 
space with the distance H which is known as Hausdorff-Pompieu 
metric on X. 
Now, we recall the following lemma and some definitions which 
will frequently be used in the sequel. 
LEMMA 7.1.1. (Nadler [81]) Let A,B G C B ( X ) , then for all 8 > 0 
and a e A, there exists b e B such that d(a,b) < H(A,B) + s. If 
A, BeC(X), then one can choose b e B such that d(a,b) < H(A,B)-
Motivated from Definitions 1.6.2 and 1.6.4, we introduce the 
following: 
DEFINITION 7.1.2. The maps T : K ^ X and F : K -> CB(X) are 
said to be quasi-coincidentally commuting if for all coincident points x 
of (T,F), TFx (z FTx whenever Fx c K and Tx e K for all x in K. 
Note that this definition is the restriction of Itoh and Takahashl [52] 
definition on coincident points. For some related definitions and 
examples one can see Imdad et al [49]. 
DEFINITION 7.1.3. A mappmg T : K c: X -^ X is said to be 
coincidentally idempotent w.r.t. mapping F: X -> CB(X) if T is 
idempotent at the coincident points of the pair (F,T). 
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7.2 RESULTS IN COMPLETE SPACES 
For the sake of completeness, before presenting our results , 
we record the following theorems from Ahmad and Imdad [1]. 
THEOREM 7.2.L[l] Let (X,d) be a compelete metrically convex 
metric space,K a nonempty closed subset of X, F, G : K -> CB(X) 
and S,T : K ^ X such that 
H(Fx,Gy) < ad(Tx,Sy) + p[d(Tx,Fx) + d(Sy,Gy)] 
+ Y[d(Tx,Gy)+d(Sy,Fx)] (7.2.1.1) 
for each x,y e K where a, P, y are non negative reals such that 
a + 2p + 2Y < 1 (7.2.1.2) 
and (a + p + y)(l + p + Y)/(1 - P - Y)^ < 1. (7.2.1.3) 
If 
(d^) dK c= S(K) n T(K), F(K) n K c S(K), G(K) n K c: T(K), 
(e^) Tx eaK =^ Fx c K, Sx edK ^ Gx c K, 
(f.^ ) (F,T) and (G,S) are weakly commuting pairs, 
(g^) T and S are continuous on K. 
Then there exists a point z in K such that z = Sz = Tz e Fz n Gz. 
THEOREM 7.2.2. If in Theorem 7.2.1, we add the continuity of F 
and G and replace 'weak commutativity' by 'compatibility' then 
there exists a point z in K such that Tz = Sz e Fz n Gz. 
Recently we have noticed the misuse of the Lemma 7.1.1 in 
[1,2,3] without properly interpretating the conditions imposed 
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therein. This claim can be substantiated by certain instances. For 
example, in order to show that Tz = z, the authors [3, p282] consider 
d(Tx„,Tz) < H(Fx^,Fz) 
which amounts to say that the authors are using the property (for 
a G A, b £ B and A, B e CB(X)) 
d(a,b) <H(A,B) (7.2.2,1) 
which is not always true. 
Similar errors occur in [1, Theorem 3.1 , 3.3 and 3.5], 
[2, Theorem 3.1, 3.2, 3.4] and [3, Theorem 3.1, 3.3]. 
In fact misuse of Lemma 7.1.1 led to some misconclusions in 
certain results contained in [1, 2, 3]. Now, we present the rectified 
and substantially improved version of Theorem 7.2.1 as follows : 
THEOREM 7.2.3. Let (X,d) be a complete metrically convex metric 
space, K a nonempty closed subset of X, F, G : K ^- CB(X) and S, 
T : K^-X satisfying the conditions (a^), (b.^ ) and 
H(Fx,Gy) < a d(Tx,Sy) + p max{[d(Tx,Fx) + d(Sy,Gy)]/2, 
[d(Tx,Gy) + d(Sy,Fx)]/2} (7.2.3.1) 
for all x, y e K where a, p, y > 0 such that 
(2a + p) (2 + 2a + P) 
(2 - p)^  
< 1 (7.2.3.2) 
(h^) either T(K) and S(K) or F(K) and G(K) are closed subspaces 
of X. Then (F,T) and (G,S) have a point of coincidence each. 
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Moreover, if the pair (F,T) is quasi-coincidentally commuting and 
T is coincidentally idempotent w.r.t. F, then F and T have a common 
fixed point .Also if the pair (G,S) is quasi - coincidentally commut-
ing and S is coincidentally idempotent w.r.t G, then S and G have a 
common fixed point. 
PROOF. If e = (2a + P)(2 + 2a + P)/(2 - P)' = 0 then the theorem 
holds trivially. Let x edK. Since 5K c TK, there exists a point x^  G K 
such that x = Tx .^ From the implication Tx e 5K => Fx c K, we 
conclude that Fx^  c K n FK c SK. Let x, e K be such that y, = Sx^  e 
FXQ C K. Since y^  e Fx ,^ there exists a pomt y^  e Gx^  such that 
d(y„y,) < H(Fx,, Gx,) + ((2 - P)/(2 + 2a + P)) 0. 
Suppose y^  e K. Then y^  e K n GK c TK which implies that 
there exists a pomt X2 e K such that y^ = Tx .^ Otherwise if y^  ^ K, then 
there exists a point p G 5K such that 
d(Sx,,p) + d(p,y2) = d(SXj, y^). 
Since p G 5K c TK, there exists a point x^  G K such that p = Tx^  and so 
d(Sx,,Tx2) + d(Tx2,y2) = d(SXj, y^). 
Let y^ G Fx^ be such that 
d(y,,y3) < H(Gx„ Fx,) + ((2 - p)/(2 + 2a + P)) 9 .^ 
Thus repeating the above arguments, we obtain two sequences (x J 
and {y^ } such that 
W y2n ^ K => y^ ^ - Tx^ ^ or 
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y2_^  ^ K => Tx^ ^ e 5K and 
d(Sx,„_„ Tx^J + d(Tx,„, yj = d(Sx,„_„ y j , 
(kv) y2n.. e K, y,^,, = Sx,„,, or 
ym.i ^ K, Sx ,^,,, e dK and 
d(Tx2,, Sx,„,,) + dCSx^ ^^ ,,, y^ ^^ ,) = dCTx^ ,^ y,„^^), 
(Iv) d(y,„.,,yj < H(Gx,,_„ Fx,„_2) + (1 - P - Y)/(l + P + Y) 6^-^ 
d(y..y2n.,) ^ H(Fx,„, Gx2„_,) + (1 - P - Y)/(l + P + Y) 6^ ". 
We denote 
?= {Tx^.e{TxJ: Tx^ , = y^.}, 
P = { T X , , G { T X J : T x , , ^ y J , 
Qo= {Sx2.„e{Sx,,,,,}: Sx .^^ , = y,,,.,}, 
and Q = {Sx^^^^elSx^,,,,}: Sx ,^^ ,^  y^.,,}. 
First we show that (Tx^ ,^ , Sx^ ^^ j) ^PjX Q, and (Sx^ ^^  j , Tx^J ^ QjX Pj. 
If Tx^ e P, then y^  J^ TX^ and we have Tx^  € dK which imphes that 
2n I -^  2n 2n 2n ^ 
y2n+i ^ F^ 2n ^ ^^ ^^^06 y^ ^^ j = Sx^ ^^ j G Q .^ Similarly, one can argue 
that (Sx,„_„ T x J ^ Q,x P,. 
One can immediately note that (Tx^ ,^ Sx^ ^^ ,^) ^P| x Q^  and (Sx^^j, Tx^J 
^Qj x Pj. Tlierefore,we need to distinguish the following tliree cases only. 
CASE 1. If (Tx,^, Sx,„,^ ) 6 P„x Q„, then 
d (Tx2„, Sx^ ^^ ,) = d(y,„, y,^ ,^) 
< H(Fx,^, Gx^^J + {(2 - P)/(2 + 2a + P)}e2" 
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< a d (Tx,„, Sx,^ ^) + p max {/2[d(Tx,„, Sx,„,,) + d(Sx,^^, TxJ]}, 
'/. [d (Tx,„, Sx,^,) + d(Tx,„,Sx,„„) + d(Tx,„, TxJ} 
+ {(2 - P)/(2 + 2a + P)}e2" 
so that 
d(Tx,„, Sx,„J > {(2a + P)/(2 - P)}d(Tx,„, Sx,^ _,) + 2.^~^ 
Similarly if (Sx^^j, Tx^JeQ^x P ,^ then one can show that 
d(Sx,^P T x J < {(2a + P)/(2 - P)}d(Tx,„,, Sx,„.,) + 2 . ^ ^ . 
CASE 2.1f (Tx2„, Sx,^J £ PQ X Q ,^ then by (k^), we have 
d(Tx2„, Sx^^J < d(Tx2,,, y^ ,,^ ,) = d(y2,^ , y^ ,^ ,^) 
and it follows from Case 1 that 
d(Tx„. Sx,„„) < {(2a + P)/(2 - P)}d(Sx,„_,:TxJ + 2 . ^ ; ^ ^ . 
Similarly, if (Sx^^^, Tx^JeQjXPg then as earlier we have 
d(Sx,_, T x J < {(2a + P)/(2 - P)}d(Tx,„_,, Sx,„J + 2 . ^ ^ . 
CASE 3. If (Tx^ ,^ Sx^ ^^ j^) e P^xQ ,^ then 8X2^ =^ y^^, then proceeding 
as in Case 1, we have 
d(Tx2„, Sx,„^,) = d(Tx2„, y^^J 
^ d(Tx2„, yj + d(y,„, y^ ^^ ,) 
^ d(Tx,„, yj + ad(Sx,^.^,TxJ + p max {V. [d(Sx,„.„ y j 
+ d(Tx,, Sx,„J], V. [d(Tx,,yJ + d(Tx,„,Sx,„,^)]} 
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+ {(2 - P)/(2 + 2a + P)}e 2n 
Since 0 < e < 1 and d(Sx2„_,,TxJ + d(Tx2„,yJ = d(Sx2^_j,yJ 
therefore 
dCrx,,Sx,,,,,) < d(Sx,„.„yJ + ad(Sx,,,_„yJ + p max {d(Sx,„_^,yJ, 
'/.[d(Sx,„_„yJ + d(Tx,„,Sx,„,,)]} + {(2 - P)/(2 + 2a + P)}e^" 
so that d(Tx,„Sx,„J < ^ ^ ^ | ^ d ( S x , „ , , y j + 2 . ^ - ^ 
Now since 8X2^ ,^= y ,^^ , and Tx^ ,^  ^  y^ ,, as in Case 2, we have 
d(Sx,„_„ TxJ< {(2a + P)/(2 ~ p)}d(Tx,„_,. Sx,„_,) + 2 ^ ^ ^ -
Now combining the above two inequahties we obtam 
d(Tx,,Sx,„J < ^ ^ ^ ^ {(2a + P)/(2 - P)}d(Tx,„_„Sx,^_^) 
+ 2.—— + 2.-
2-p •2+2a+p 
Thus if we write z^ = Tx^ ,^ 2^ ,^ ,^= Sx ,^,^ ,, we have 
2+2a+p 0" 
^ , / ^W^^^"-^'^"^ ^ 2- 2 ^ 2 ^ d(z ,z ,^) < < ^ 
ed(z„_„z„J + 2 . ^ + 2 . ^ ^ ^ ^ -
Now on the hnes of Itoh [51], it can be shown that the sequence 
{z^ } is Cauchy and there exists at least one subsequence (TXj^  } or 
(Sx^ i^  j^} which is contained m P^  or Q^  respectively. 
Firstly, we suppose that there exists a subsequence {Tx2^  } which 
is contained in P^  and T(K), S(K) are closed subspaces of X. Since 
(Tx^^ } is Cauchy in T(K) it converges to a point u e T(K). Let 
10] 
z e T"'u, then Tz = u whereas the sequence {Sx2^^ j^), being a 
subsequence of {z^ } also converges to u. 
Now using (7.2.3.1) 
d(Fz, Tx,„ )^ < H(Fz, Gx,„^_,) 
< a d(Tz, Sx,,^ _,) + (3 max {>/2[d(Tz, Fz) + d(Sx,^ ^_„ Gx,„^_,)], 
/.[d(Tz, Gx^^^^J + d(Sx,„^_„Fz)J} 
< a d(u, Sx,„^ _,) + p max{'/2[d(u, Fz) + d(Sx,„^ _ ,^Tx,„^ )], 
>/2[d(u,Tx,„^ ) + d(Sx,„^ _„ Fz)]} 
which on letting n^co, reduces to 
d(Fz,u) < I d(Fz,u) 
yielding there by u = Tz e Fz as Fz is closed. 
Since the Cauchy sequence {z J converges to u e K and u e Fz, 
u e F(K) n K c S(K) there must exists w e K such that Sw = u. By 
using (7.2.2.1), we get 
d(Sw, Gw) = d(Tz, Gw) < H(Fz, Gw) 
< ad(Tz,Sw) + pmax {'/2[d(Tz,Fz) + d(Sw,Gw)], 
'/2[d(Tz,Gw) + d(Sw,Fv)]}, 
= ~ d(Sw,Gw) 
implying thereby Sw G GW. 
In case F(K) and G(K) are closed subspaces of X then due to 
u € F(K) n K c S(K) or u € G(K) n K c: T(K), the foregoing 
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arguments again establishes the desired conclusions. 
If one assumes that there exists a subsequence {Sx^^ ,^} contained 
in QQ and T(K) and S(K) are closed subspaces of X then by observing 
that {8X2^^ ^ J is a Cauchy sequence m S(K), the earlier argument 
establishes that Tz e Fz, Sw e Gw. 
Since z is a coincident point of (F,T) therefore using quasi-
coincidentally commutmg condition and coincidentally idempotent 
property of T w.r.t. F, one can have (note that Tz e Fz and u = Tz =^ 
TTz = Tz =^ Tu = u) 
u = Tu = T(Tz) 6 TFz a FTz = Fu 
which shows that u is a common fixed pomt of T and F. Similarly usmg 
the quasi-coincidentally commuting property of (G,S) and coincidentally 
idempotence of S w.r.t. G, one can show that G and S have a common 
fixed point. 
REMARK 7.2.4. In [1, 2, 3], on the lines of Khan [67] the control 
constants a, p and y are postulated to satisfy (7.2.1.2) and (7.2.1.3) 
both. But for non-negative real numbers a,p,Y the condition (7.2.1.3) 
implies (7.2.1.2), hence condition (7.2.1.2) is redundant in all such results 
especially those contained in [ 1, 2, 3, 67]. 
REMARK 7.2.5. Theorem 7.2.4 with restriction S = T presents a 
modified and improved version of [2, Theorem 3.1] whereas the same 
(Theorem 7.2.3) with restriction F = G and S = T deduces the corrected 
and improved form of [3, Theorem 3.1], where the assumption 
F(K) c T(K) should be modified as F(K) n K c T(K) otherwise F will 
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be a self-map of K in case T is identity map on K. 
As every Banach space is metrically convex we have , 
COROLLARY 7.2.6. Let X be a Banach space, K a nonempty closed 
subset of X and F, G, S, T, single-valued maps from K into X such that 
(7.2.3.1), (7.2.3.2), (e,), (b^) and (c.^ ) are satisfied, then the conclusions 
of Theorem 7.2.3 remain true. 
REMARK 7.2.7. Corollary 7.2.6 presents an improved version of 
[1, Corollary 3.4] whereas the same (Corollary 7.2.6) with restriction 
S = T deduces the collected and improved version of [2, Corollary 3.3]. 
Our next theorem presents a rectified and sharpened version of 
Theorem 3.2(cf. [1]). 
THEOREM 7.2.8. Let (X,d) be a complete metrically convex metric 
space, K a non empty closed subset of X, F, G : K -> CB(X) and 
S, T : K -> X such that(7.2.3.]), (7.2.3.2) (d^) and (e,) are satisfied. If 
(m.^ ) the pairs (T,F) and (S,G) are compatible, 
(n.^ ) all the four maps are continuous on K. 
Then there exists a point z in K with Sz e Gz and Tz e Fz. Moreover, 
(T,F) have a common fixed point provided T is coincidentally idempotent 
w.r.t. F whereas (S,G) have a common fixed point if S is coincidentally 
idempotent w.r.t. G. Also F, G, S and T have a common fixed point z 
provided TTz = z and SSz = z. 
PROOF. Proceeding as in the proof of Theorem 7.2.3, we suppose 
that there exists a subsequence {Tx^ ^ } which is contained in P^. 
k 
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Further, subsequences {Tx^ ^ } and {8X2^  ^,} both converge to some 
k k 
zeK as K is complete being a closed subset of X. 
Since Tx2^  e Gx2„., ^^  K and Sx^ ^ , e K the compatibility 
of the pair (G,S) implies 
limd(STx2,,,GSx2_,) = 0. 
k->oc 
2"k' 2n^-l> 
Now writing 
d(STx2^^,Gz) < d(STx2„^,GSx2„^J + HCGSx^^^.^Gz) 
and letting k-^oc, one gets 
d(Sz,Gz) < 0 
yielding thereby Sz G GZ. 
Since y^^^  ^,e Fx^ ^^  n K and Tx^ ,^  e K, the compatibility of the pair 
"k " | , "k 
(F,T) implies 
l™d(Ty,„^„.FTx„) = 0^  
k^cc 
Therefore, as previously, the continuity of T and F implies 
d(Tz,Fz) < 0 yielding thereby Tz eFz. 
In case there exists a subsequence (SXj^  ^J contained in Q^ 
then on similar lines one can complete the proof. 
If T is coincidentally idempotent w.r.t. F then TTz = Tz, 
hence Tz eK. Thus z e K and Tz e K n Fz. 
Since, on coincident point, 'weak commutativity' and 'compatibility' 
are equivalent, therefore by 'weak commutativity' 
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d(T(Tz),FTz) < d(Tz,Fz) 
implying thereby Tz = TTz e FTz. 
Similarly if S is coincidentally idempotent w.r.t. G then one can 
prove that Sw = SSw e GSw. 
If TTz = z and SSz = z then immediately one can show that z is a 
common fixed point of S, T, F and G. 
REMARK 7.2.9. Theorem 7.2.8 with S = T and F = G presents an 
improved version of [3, Theorem 3.2] . 
The proofs of Theorem 3.4 [2] and Theorem 3.5 [1] lack rigour 
as these are patterned after Khan [67] wherein he assmnes 'H(Tz,Sz)' 
to be zero inappropriately. 
Now, for a change, we present a corrected version of 
[2,Theorem 3.4] giving a different proof In doing so, we are inspired 
by Dhage [26]. 
7.3 RESULTS IN COMPACT SPACES 
THEOREM 7.3.1. Let (X,d) be a complete metrically convex metric 
space, K a non empty compact subset of X, F, G : K -^ CB(X) and 
T : K -^X satisfying 
(o.^ ) dKczTK, (FK u GK) n K c TK, Tx e aK r^ Fx u Gx c K 
with 
H(Fx,Gy) < M(x,y) (7.3.1.1) 
when M(x,y) > 0, for all x,y G K, where 
M(x,y) = ad(Tx, Ty) + [3 max {'/2[d(Tx,Fx) + d(Ty,Gy)], 
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•/.[d(Tx,Gy) + d(Ty,Fx)]} 
and a, p, are non-negative reals with 
(2a + 3) (2 + 2a + P)/(2 - ^y< 1. (7.3.1.2) 
Suppose that T is a compatible with each F and G and T, F 
and G are continuous on K. Then F, G and T have z as a common 
point of coincidence. Further, F, G and T have common fixed point 
provided Tz remains fixed under T. 
PROOF. In view of the conclusions of Theorem 7.2.8 with S = T, 
it IS enough to show that F,G and T have a common coincidence. 
We assert that M(x,y) = 0 for some x, y e K, otherwise the function 
f(x,y) = H(Fx,Gy)/M(x,y) 
IS continuous and satisfies f(x,y) < 1 for (x,y) € K x K. Since 
K X K is compact, there exists u, v e K such that 
f(x,y) < f(u,v) = a < 1 
for x,y6K. Consequently, H(Fx,Gy) < aM(x,y) for x,y eK and 
some 0 < a < 1.Therefore in view of (7.3.1.2) it is straight forward 
to note that (2ca + cp)(2 + 2ac + cp)/(2 - cp)^ < 1. 
Therefore, by Theorem 7.2.8 with restriction S = T, we 
get Tz eFz n Gz for some z e K and we deduce M(z,z) = 0, 
contradictory M(z,z) > 0. Therefore M(x,y) = 0 for some x,yGK 
which implies Tx e Fx and Tx = Ty e Gy. If M(x,x) = 0 then 
Tx eGx and if M(x,x) ^ 0, then (7.3.1.1) implies d(Tx,Gx) < 0 
yielding TxeGx. Similarly in either of the cases M(y,y) = 0 
and M(y,y) > 0,Ty e Fy. Thus we have proved that F,G and T 
107 
have a common coincident point. 
REMARK 7.3.2. Theorem 7.3.1 with T = the identity map deduces 
a sharpened version of [67, Theorem 3.4] whereas the same 
(Theorem 7.3.1) with F = G presents a corrected version of 
[3, Theorem 3.3]. Also Theorem 7.3.1 with F = G and T = Identity 
map refines one of the main result of Itoh [51]. 
REMARK 7.3.3. On the line of Theorem 7.3,1 a corrected version 
of [ 1, Theorem 3.5] (with a = 0) can also be established. 
7.4 AN ILLUSTRATIVE EXAMPLE 
Now we furnish an example to demonstrate the validity of 
the hypotheses and degree of generality of Theorem 7.2.3 over 
earlier results especially those contained in [1, 3, 6, 51, 67]. 
Let X be the set of reals equipped with Euclidean metric and 
K = {-3} u [0,1]. We define the mappings 
I -3x, X G [0,1] r-3.\x, X e [0,1] 
Tx = ^ o , Sx - ) 
^ 1, X = -3 '^  1, x = - 3. 
{ [-X/2, 0], X e [0,1] Fx 
• { 0 } , x = { - 3 , l } , 
[-x/4,0] x e [0,3/3.1) 
Gx= { {0}, x= {-3} u [3/3.1,1]. 
It is easy to see that TK = [-3,0] u {1}, SK = [-3.1,0] u {1}, and 
5K = {-3, 0, 1} c TK n SK. Furthermore 
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